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Abstract
Entanglement is a key quantum feature of composite systems in which the
probabilities for joint measurements on the composite sub-systems are no longer
determined from measurement probabilities on the separate sub-systems. The
topic has many aspects apart from how entanglement is defined, including mea-
sures of how entangled a quantum state is, the linkage between entanglement
and thermodynamics as well as the technological applications of entanglement.
This review focuses on the meaning of entanglement, the paradoxes associated
with entangled states and important measurement based tests of whether a
quantum state is entangled - references are of course given to articles on the
other aspects of entanglement. In this article entangled quantum states are
specifically considered in the context of systems of identical particles, based on
the requirement that in order to represent physical states both for the over-
all system and the sub-systems which may be entangled, the density operators
must satisfy the symmetrisation principle and global and local super-selection
rules that prohibit states in which there are coherences between differing particle
numbers. These requirements and their justification are fully discussed. In the
second quantisation approach used, both the system and the sub-systems are
modes (or sets of modes) rather than particles, particles being associated with
different occupancies of the modes. The definition of entangled states is based
on first defining the non-entangled states - after specifying which modes consti-
tute the sub-systems. This work mainly focuses on two mode entanglement for
massive bosons. Several inequalities involving variances and mean values of op-
erators involving mode annihilation, creation operators have been proposed as
tests for two mode entangled states, including the inequalities that define spin
squeezing. Spin squeezing criteria in two mode systems are examined, and spin
squeezing is best considered for principle spin operator components where the
covariance matrix is diagonal. It is shown that the presence of spin squeezing
in at least one of the spin components requires entanglement of the relevant
pair of modes. Several of the other proposed tests for entanglement, including
ones based on the sum of the variances for two spin components are considered.
All of the tests are still valid when the present concept of entanglement based
on the symmetrisation and super-selection rule criteria is applied, but further
tests have been obtained here. Sometimes the new tests are satisfied whilst than
those obtained in other papers are not.
PACS Numbers 03.65 Ud, 03.67 Bg, 03.67 Mn, 03.75 Gg
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1 Introduction
Since the EPR parodox of Einstein et al [1] on the conflict between quantum
theory and local realism, the famous cat paradox of Schrodinger [2] in which the
cat could be thought of as being simultaneously dead and alive, and the deriva-
tion by Bell et al [3], [4] of inequalities based on treating measured quantities
via a classical hidden variable theory which certain quantum quantum systems
violated, entanglement has been recognised as being one of the key features that
distinguishes quantum physics from classical physics. It is a feature that arises
in the context of composite quantum systems composed of distinct components
or sub-systems and is distinct from other features of quantum physics such as
quantization for measurements of physical quantities, probabilistic outcomes for
such measurements, uncertainty principles involving pairs of physical quantities
and so on. Such sub-systems are usually associated with sub-sets of the physical
quantities applying to the overall system, and in general more than one choice of
sub-systems can be made. The formalism of quantum theory treats pure states
for systems made up of two or more distinct sub-systems via tensor products
of sub-system states, and since these product states exist in a Hilbert space, it
follows that linear combinations of such products could also represent possible
pure quantum states for the system. Such quantum superpositions which cannot
be expressed as a single product of sub-system states are known as entangled
(or non-separable) states. The concept of entanglement can also be extended
to mixed states, where quantum states for the system and the sub-systems are
specified by density operators. The detailed definition of entangled states is
set out in Section 2. This definition is based on first carefully defining the
non-entangled (or separable) states such that all non-entangled states must be
possible physical states, and in addition these states must be preparable via pro-
cesses involving separate operations on each sub-system after which correlated
sub-system quantum states are combined in accordance with classical probabil-
ities. Thus, although the sub-system states retain their quantum natures the
combination resulting in the overall system state is formed classically rather
than quantum mechanically. This overall process then involves local operations
on the distinct sub-systems and classical communication (LOCC ) to prepare
a general non-entangled state. The entangled states are then just the physical
states which are not non-entangled states. The general idea that in all com-
posite systems the non-entangled states all involve LOCC preparation processes
was first suggested by Werner [5]. The notion of physical states, the nature of
the systems and sub-systems involved and the specific features required in the
definition of non-entangled states when identical particles are involved is dis-
cussed in detail in Section 3. Entangled states underlie a number of effects that
cannot be interpreted in terms of classical physics, including spin squeezing,
non-local measurement correlations - such as for the Einstein-Podolski-Rosen
(EPR) paradox and violations of Bell Inequalities. More recently, entangled
states have been recognised as a resource that can be used in various quan-
tum technologies for applications such as teleportation, quantum cryptography,
quantum computing and so on. Recent expositions on the effects of entangle-
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ment and its role in quantum information science include [6], [7], [8], [9], [10],
[11].
It would be pointless to characterise states as entangled unless such states
have some important properties. The key requirement is that entangled states
exhibit a novel quantum feature that is only found in composite systems. As will
be seen in SubSection2.3, separable states are such that the joint probability for
measurements of all physical quantities associated with the sub-systems can be
found from separate measurement probabilities obtained from the sub-system
density operators and the overall classical probability for creating particular
products of sub-system states. Entangled states do not exhibit this feature
of separable probabilities, and it is this key non-separability feature that led
Schrodinger to call these states ”entangled”. Hidden variable theories (HVT)
(see SubSection2.5) applied to quantum systems - which are essentially classical
in nature - also have the same separability feature for joint probabilities as quan-
tum separable states, though of course the basic concepts are different. The fact
that only entangled states do not exhibit the feature of separable probabilities
shown in classical HVT highlights entanglement being a non-classical feature
found only in composite systems.
It is now generally recognised that entanglement is a relative concept ([12],
[13], [14]), [8], [15], [16] and not only depends on the quantum state under dis-
cussion but also on which sub-systems are being considered as entangled (or
non-entangled). A quantum state may be entangled for one choice of the sub-
systems but may be non-entangled if another choice of sub-systems is made,
an example being for the hydrogen atom [14] where energy eigenstates are non-
entangled if the sub-systems refer to the centre of mass and the relative position
of the electron from the proton, but which would be entangled if the sub-systems
were the positions of the electron and proton. An example involving two differ-
ent choices of single particle states in a two mode Bose condensate is given in
Section 5.
For a general quantum state various measures of entanglement have been
defined - see [8], [9], [15], [16], [17], [18], [19], for details of these, and are aimed
at quantifying entanglement to determine which states are more entangled than
others. This is important since entanglement is considered as a resource needed
in various quantum technologies. Calculations based on such measures of en-
tanglement confirm that for some choices of sub-systems the quantum state is
entangled, for others it is non-entangled. For two mode pure states the entan-
glement entropy - being the difference between the entropy for the pure state
(zero) and that associated with the reduced density operator for either of the
two sub-systems - is a useful entanglement measure. As entropy and information
changes are directly linked [8], [9], this measure is of importance to quantum
information science. Another entanglement measure is particle entanglement
entropy, defined by Wiseman et al [20], [21], [17] for identical particle systems
and based on projecting the quantum state onto states with definite particle
numbers.
Although not directly relatable to the various quantitative measures of en-
tanglement, the results for certain measurements can play the role of being
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signatures or witnesses or tests of entanglement [15], [16], [17]. These are in the
form of inequalities for variances and mean values for certain physical quanti-
ties, which are consequent on the inequalities that would apply for non-entangled
quantum states. If such inequalities are violated then it can be concluded that
the state is entangled for the relevant sub-systems. It cannot be emphasised
enough that these tests provide sufficiency conditions for establishing that a
state is entangled. The failure of a test does not guarantee non-entanglement
- sufficiency does not imply necessity. The violation of a Bell inequality is an
example of such a signature of entanglement, and the demonstration of spin
squeezing is regarded as another. However, the absence of spin squeezing (for
example) does not guarantee non-entanglement, as the case of the NOON state
in SubSection 5.3 shows. A significant number of such inequalities have now
been proposed and such signatures of entanglement are the primary focus of the
present paper, which is aimed at identifying which of these inequalities really
do identify entangled states, especially in the context of two mode systems of
identical bosons.
At present there is no clear linkage between quantitative measures of entan-
glement (such as entanglement entropy) and the quantities used in conjunction
with the various entanglement tests (such as the relative spin fluctuation in
spin squeezing experiments). Results for experiments demonstrating such non-
classical effects cannot yet be used to say much more than the state is entangled,
whereas ideally these experiments should determine how entangled the state is.
Again we emphasise that neither the entanglement tests nor the entanglement
measures are being used to define entanglement. Entanglement is defined first
as being the quantum states that are non-separable, the tests for and measures
of entanglement are consequential on this definition.
This paper deals with identical particles - bosons or fermions. In the second
quantisation approach used here the system is regarded as a set of quantum
fields, each of which may be considered as a collection of single particle states or
modes. Hence both the system and sub-systems will be specified via the modes
that are involved, so here the sub-systems in terms of which non-entangled (and
hence entangled) states are defined are modes or sets of modes, not particles
[12], [13], [14]), [8], [22], [23]. In this approach, particles will be described via
the occupancies of the various modes, so that situations with differing numbers
of particles will be treated as differing quantum states of the same system, not
as different systems - as in the first quantisation approach. Note that the choice
of modes is not unique - original sets of orthogonal one particle states (modes)
may be replaced by other orthogonal sets. An example is given in Section 4.
Modes can often be categorised as localised modes, where the corresponding
single particle wavefunction is confined to a restricted spatial region, or may
be categorised as delocalised modes, where the opposite applies. Single parti-
cle harmonic oscillator states are an example of localised modes, momentum
states are an example of delocalised modes. This distinction is significant when
phenomena such as EPR violations and teleportation are considered.
Although multi-mode systems are also considered, in this paper we mainly
focus on two mode systems of identical bosonic atoms, where the atoms at most
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occupy only two single particle states or modes. For bosonic atoms this situa-
tion applies in two mode interferometry, where if a single hyperfine component
is involved the modes concerned may be two distinct spatial modes, such as
in a double well magnetic or optical trap, or if two hyperfine components are
involved in a single well trap each component has its own spatial mode. Large
numbers of bosons may be involved since there is no restriction on the number
of bosons that can occupy a bosonic mode. For fermionic atoms each hyper-
fine component again has its own spatial mode. However, if large numbers
of fermionic atoms are involved then as the Pauli exclusion principle only al-
lows each mode to accommodate one fermion, it follows that a large number of
modes must considered and two mode systems would be restricted to at most
two fermions. Consideration of multi-mode entanglement for large numbers of
fermions is outside the scope of the present paper (see [24] for a treatment of
this), and unless otherwise indicated the focus will be on bosonic modes. The
paper focuses on identical bosonic atoms - whether the paper also applies to
photons is less clear and will be discussed below. .
The work presented here begins with the fundamental issue of how an en-
tangled state should be defined in the context of systems involving identical
particles. To reiterate - in the commonly used mathematical approach for defin-
ing entangled states, this requires first defining a general non-entangled state,
all other states therefore being entangled. We adhere to the original definition
of Werner [5] in which the separable states are those that can be prepared by
LOCC. This approach is adopted by other authors, see for example [25], [26],
[27]. However, in other papers - see for example [28], [29] so-called separable non-
local states are introduced in which LOCC is not required (see SubSection.3.3.6
for an example). It is contended here that the density operators both for the
overall system states and for the sub-system states of non-entangled states must
represent physical states and in some other work (discussed below) this is not the
case. A key feature required of all physical states for systems involving identi-
cal particles, entangled or not is that they satisfy the symmetrization principle.
This places restrictions both on the form of the overall density operator and
also on what can be validly considered to be a sub-system. In particular this
rules out individual identical particles being treated as sub-systems, as is done in
some papers (see below). In addition, super-selection rules (SSR) [30] only allow
density operators which have zero coherences between states with differing total
numbers of particles to represent valid physical states, and this will be taken
into account for all physical states of the overall system, entangled or not. This
is referred to as the global particle number super-selection rule In non-entangled
or separable states the density operator is a sum over products of sub-system
density operators, each product being weighted by its probability of ocurring
(see below for details). For the non-entangled or separable states, a so-called
local particle number super-selection rule will also be applied to the density
operators describing each of the sub-systems. These sub-system density opera-
tors must then have have zero coherences between states with differing numbers
of sub-system particles. This additional restriction excludes density operators
as defining non-entangled states when the sub-system density operators do not
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conform to the local particle number super-selection rule. Consequently, den-
sity operators where the local particle number SSR does not apply would be
regarded as entangled states. This viewpoint is discussed in papers by Bartlett
et al [25], [31] as one of several approaches for defining entangled states. How-
ever, other authors such as [28], [29] state on the contrary that states when
the sub-system density operators do not conform to the local particle number
super-selection rule are still separable, others such as [32], [33] do so by impli-
cation. So in this paper we are advocating a different definition to some other
definitions of entanglement in identical particle systems,.the consequence being
that the set of entangled states is now much larger. This is a key idea in this
paper - not only should super-selection rules on particle numbers be applied to
the the overall physical state, entangled or not, but it also should be applied to
the density operators that describe states of the modal sub-systems involved in
the general definition of non-entangled states.
The detailed reasons for adopting this viewpoint are set out below. As will
be seen, the local particle number super-selection rule restriction firstly depends
on the fundamental requirement that for all composite systems - whether iden-
tical particles are involved or not - non-entangled states are only those that can
be prepared via processes that involve only local operations and classical com-
munication (LOCC ). The requirement that the sub-system density operators in
identical particle cases satisfy the local particle number SSR is consequential on
the sub-system states being possible physical sub-system states. As mentioned
before, the general definition of non-entangled states based on LOCC prepa-
ration processes was first suggested by Werner [5]. Apart from the papers by
Bartlett et al [25], [31] we are not aware that this LOCC/SSR based criteria for
non-entangled states has been invoked previously for identical particle systems,
indeed the opposite approach has been proposed [28], [29]. However, the idea
of considering whether sub-system states should satisfy the local particle num-
ber SSR has been presented in several papers - [28], [29], [25], [31], [34], [35],
[36], mainly in the context of pure states for bosonic systems, though in these
papers the focus is on issues other than the definition of entanglement - such
as quantum communication protocols [28], multicopy distillation [25], mechan-
ical work and accessible entanglement [34], [35] and Bell inequality violation
[36]. The consequences for entanglement of applying this super-selection rule
requirement to the sub-system density operators are quite significant, and in
the present paper important new entanglement tests are determined. Not only
can it immediately be established that spin squeezing requires entangled states,
but though several of the other inequalities (see below) that have been used as
signatures of entanglement are still valid, additional tests can be obtained which
only apply to entangled states that are defined to conform to the symmetrisation
principle and the super-selection rules.
It is worth emphasising that requiring the sub-system density operators sat-
isfy the local particle number SSR means that there are less states than other-
wise would be the case which are classed as non-entangled, and more states will
be regarded as entangled. It is therefore not surprising that additional tests for
entanglement will result. If further restrictions are placed on the sub-system
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density operator - such as requiring them to correspond to a fixed number of
bosons again there will be more states regarded as entangled, and even more
entanglement tests will apply. A particular example is given in SubSection 6.3,
where the sub-systems are restricted to one boson states.
The symmetrisation requirement for systems involving identical particles is
well established since the work of Dirac. There are two types of justification for
applying the super-selection rules for systems of identical particles. The first
approach is based on simple considerations and will be outlined here. The sec-
ond approach is more sophisticated and involves linking the absence or presence
of SSR to whether or not there is a suitable reference frame in terms of which
the quantum state is described [37], [38], [39], [28], [29], [40], [41], [42], [31], [34],
[35], [17]. This approach will be described in SubSection 3.1 and Appendix 13,
the key idea being that SSR are a consequence of considering the description
of a quantum state by an external observer (Charlie) whose phase reference
frame has an unknown phase difference from that of an observer ((Alice) more
closely linked to the system being studied. Thus, whilst Alice’s description of
the quantum state may violate the SSR, the description of the same quantum
state by Charlie will not. In the main part of this paper the density operator
ρ̂ used to describe the various quantum states will be that of the external ob-
server (Charlie). Note that if the relationship between the phase references is
known, then the SSR can be challenged (see SubSection 3.2 and Appendix 13).
Returning to the more simple reasons referred to for invoking the superselection
rule to exclude quantum superposition states with differing numbers of identical
particles (both massive and otherwise), these may be summarised as:
1. No way is known for creating such states.
2. No way is known for measuring all the properties of such states, even if
they existed.
3. Coherence and interference effects can be understood without invoking
the existence of such states.
4. The stability of such states against decoherence processes may not be
great, so even if they could be created, they could rapidly change to other states.
However, decoherence time scales that are not too short would be acceptable,
so this last reason is of lesser importance.
Invoking the physical existence of states that as far as we know cannot
be made or measured, and for which there are no known physical effects that
require their presence seems a rather unnecessary feature to add to the non-
relativistic quantum physics of many body systems or to quantum optics, and
considerations based on the general principle of simplicity (Occam’s razor) would
suggest not doing so until a clear physical justification for including them is
found. Furthermore, experiments can be carried out on each of the mode sub-
systems considered as a separate system, and essentially the same reasons that
justify applying the super-selection rule to the overall system also apply to
the separate mode sub-systems in the context of defining non-entangled states.
Hence, unless it can be justified to ignore the super-selection rule for the overall
system it would be inconsistent not to apply it to the sub-system as well. The
onus is on those who wish to ignore the super-selection rule for the separate
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modes to justify why it is being applied to the overall system. In addition, joint
measurements on all the sub-systems can be carried out, and the interpretation
of the measurement probabilities requires the density operators for the sub-
system states to be physically based. The general application of super-selection
rules has however been challenged (see SubSection 3.1) on the basis that super-
selection rules are not a fundamental requirement of quantum theory, but are
restrictions that could be lifted if there is a suitable system that acts as a
reference for the coherences involved. In Section 3 and related Appendix 14
an analysis of these objections to the super-selection rule is presented, and in
Appendix 13 we see that the approach based on phase reference frames does
indeed justify the application of the SSR both to the general quantum states
for multi-mode systems of identical particles and to the sub-system states for
non-entangled states of these systems.
The other focus of this paper is on spin squeezing. Heisenberg Uncertainy
Principle inequalities involving spin operators [43] and the consequent property
of spin squeezing have been well-known in quantum optics for many years. The
importance of spin squeezing in quantum metrology is discussed in the paper by
Kitagawa et al [44] for general spin systems. It was suggested in this paper that
correlations between the individual spins was needed to produce spin squeezing,
though no quantitative proof was presented and the more precise concept of
entanglement was not mentioned. For the case of two mode systems the earliest
paper linking spin squeezing to entanglement is that of Sorensen et al [45], which
considers a system of identical bosonic atoms, each of which can occupy one of
two internal states. This paper states that spin squeezing requires the quantum
state to be entangled, with a proof given in the Appendix. A consideration of
how such spin squeezing may be generated via collisional interactions is also
presented. The paper by Sorensen et al is often referred to as establishing the
link between spin squeezing and entanglement - see for example Micheli et al
[46], Toth et al [47], Hyllus et al [48]. However, the paper by Sorensen et al [45]
is based on a definition of non-entangled states in which the sub-systems are the
identical particles, and this is inconsistent with the symmetrization principle.
The present paper establishes the link between spin squeezing and entanglement
based on a definition of entanglement consistent with the system and sub-system
density operators representing physical states.
It is also important to consider which components of the spin operator vector
are squeezed, and this issue is also considered in the present paper. In the
context of the present second quantisation approach to identical particle systems
the three spin operator components for two mode systems are expressed in
terms of the annihilation, creation operators for the two chosen modes. Spin
squeezing can be defined (see Section 4) in terms of the variances of these
spin operators, however the covariance matrix for the three spin operators will
in general have off-diagonal elements, and spin squeezing is better defined in
terms of rotated spin operators referred to as principal spin operators for which
the covariance matrix is diagonal. The principal spin operators are related to
new mode annihilation, creation operators in the same form as for the original
spin operators, where the new modes are two orthogonal linear combinations
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of the originally chosen modes. In discussing the relationship between spin
squeezing and entanglement, the modes which may be entangled are generally
those associated with the definition of the spin operators.
The plan of this paper is as follows. In Section 2 the key definitions of
entangled states are covered, and a detailed discussion on why the symmetri-
sation principle and the super-selection rule is invoked in discussed in Section
3. Challenges to the necessity of the super-selection rule are outlined, with
arguements against such challenges dealt with in Appendices 13, 14. and 15.
Classical entanglement is discussed in Appendix 16. The next Section 4 sets
out the definitions of spin squeezing and in the following Section 5 it is shown
that spin squeezing is a signature of entanglement, both for the principle spin
operators with entanglement of the two new modes and for the original spin
operators with entanglement of the original modes. A number of other tests
for entanglement proposed by other authors are considered in Section 6, with
details of these treatments set out in Appendices 17, 18, 19. Two key mathe-
matical inequalities are derived in Appendix 11. The final Section 8 summarises
and discusses the key results.
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2 Entanglement - General Features
2.1 Physical States
The standard quantum theory notions of physical systems that can exist in var-
ious states and have associated quantities on which measurements can be made
are presumed in this paper. The measuring system made be also treated via
quantum theory, but there is always some component that behaves classically,
so that quantum fluctuations in the quantity recorded by the observer are small.
The term physical state refers to a state that can either be prepared via a pro-
cess consistent with the laws of quantum physics and on which measurements
can be then performed and the probabilistic results predicted from this state
(prediction), or a state whose existence can be inferred from later quantum mea-
surements (retrodiction). In quantum theory, physical states are represented by
density operators for mixed states or state vectors for pure states, which must
satisfy symmetrisation and other basis requirements in accordance with the laws
of quantum theory. The quantum state, the system it is associated with and
the quantities that can be measured are viewed here as entities that are viewed
as being both ontological and epistimological. The observer is important, but
there is actually something out there to be studied. In addition to those asso-
ciated with physical states, other density operators and state vectors may be
introduced for mathematical convenience. For physical states, the density op-
erator is determined from either the preparation process or inferred from the
measurement process, and in general it is a statistical mixture of density opera-
tors for possible preparation processes. Measurement itself constitutes a possible
preparation process. Following preparation, further experimental processes may
change the physical state and dynamical equations give the time evolution of the
density operator between preparation and measurement, the simplest situation
being where measurement takes place immediately after preparation. A full dis-
cussion of the predictive and retrodictive aspects of the density operator is given
in papers by Pegg et al [49], [50]. Whilst there are often different mathematical
forms for the density operator that lead to the same predictive results for subse-
quent measurements, applying the results of the measurements to retrodictively
determines the preferred form of the density operator that is consistent with
the available preparation and measurement operators. An example is given in
[50].
2.2 Entangled and Non-Entangled States
2.2.1 General Considerations
Here the commonly applied physically-based approach to mathematically defin-
ing entangled states will be described [9]. The definition involves vectors and
density operators that represent states than can be prepared in real experi-
ments, so the mathematical approach is to be physically based. The concept
of quantum entanglement involves composite systems made up of component
sub-systems each of which are distinguishable from the other sub-systems, and
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where each could constitute a stand-alone quantum system. This means the
each sub-system will have its own set of physically realisable quantum states -
mixed or pure - which could be prepared independently of the quantum states
of the other sub-systems. As will be seen, the requirement that sub-systems
be distinguishable and their states be physically preparable will have important
consequences, especially in the context of identical particle systems. The formal
definition of what is meant by an entangled state starts with the pure states,
described via a vector in a Hilbert space. The formalism of quantum theory
allows for pure states for composite systems made up of two or more distinct
sub-systems via tensor products of sub-system states
|Φ〉 = |ΦA〉 ⊗ |ΦB〉 ⊗ |ΦC〉 ... (1)
Such products are called non-entangled or separable states. However, since these
product states exist in a Hilbert space, it follows that linear combinations of
such products of the form
|Φ〉 = ∑
αβγ..
Cαβγ.. |ΦαA〉 ⊗
∣∣∣ΦβB〉⊗ |ΦγC〉 . (2)
could also represent possible pure quantum states for the system. Such quantum
superpositions which cannot be expressed as a single product of sub-system
states are known as entangled (or non-separable) states.
The concept of entanglement can be extended to mixed states, which are
described via density operators in the Hilbert space. If A, B, ...are the sub-
systems with ρ̂AR, ρ̂
B
R , being density operators the sub-systems A, B, .then a
general non-entangled or separable state is one where the overall density opera-
tor ρ̂ can be written as the weighted sum of tensor products of these sub-system
density operators in the form [5]
ρ̂ =
∑
R
PR ρ̂
A
R ⊗ ρ̂BR ⊗ ρ̂CR ⊗ ... (3)
with
∑
R PR = 1 and PR ≥ 0 giving the probability that the specific product
state ρ̂R = ρ̂
A
R ⊗ ρ̂BR ⊗ ρ̂CR ⊗ ..occurs. Entangled states (or non-separable states)
are those that cannot be written in this form, so in this approach knowing what
the term entangled state refers to is based on first knowing what the general
form is for a non-entangled state. The density operator ρ̂ = |Φ〉 〈Φ| for the
pure state in (2) is not of the form (3), as there are cross terms of the form
Cαβγ..C
∗
θλη..(|ΦαA〉
〈
ΦθA
∣∣)⊗ (∣∣∣ΦβB〉 〈ΦλB∣∣)⊗ ..involved.
The concepts of separability and entanglement based on the Eqs. (1) and (3)
for non-entangled states do not however just rest on the mathematical forms
alone. Implicitly there is the assumption that separable quantum states de-
scribed by the two expressions can actually be created in physical processes.
The sub-systems involved must therefore be distinguishable quantum systems
in their own right, and the sub-system states |ΦA〉 , |ΦB〉 , ..or ρ̂AR, ρ̂BR , .. must
also be possible physical states for the sub-systems. We will return to these
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requirements later. The issue of the physical preparation of non-entangled (sep-
arable) states starting from some uncorrelated fiducial state for the separate
sub-systems was introduced by Werner [5], and discussed further by Bartlett et
al (see [25], Section IIB). This involves the ideas of local operations and classical
communication (LOCC) dealt with in the next SubSection.
The key requirement is that entangled states exhibit a novel quantum feature
that is only found in composite systems. Separable states are such that the joint
probability for measurements of all physical quantities associated with the sub-
systems can be found from separate measurement probabilities obtained from
the sub-system density operators ρ̂AR, ρ̂
B
R , etc and the overall classical probabil-
ity PR (see SubSection2.3). This feature of separable probabilities is absent in
entangled states, and because of this key non-separability feature Schrodinger
called these states ”entangled”. The separability feature for the joint proba-
bilities is essentially a classical feature and applies in hidden variable theories
(HVT) (see SubSection2.5) applied to quantum systems - as well as to quantum
separable states. The fact that only entangled states do not exhibit the feature
of separable probabilities shown in classical HVT highlights entanglement being
a non-classical feature found only in composite systems.
An alternative operational approach to defining entangled states focuses on
whether or not they exhibit certain non-classical features such as Bell Inequal-
ity violation or whether they satisfy certain mathematical tests such as having
a non-negative partial transpose[51] [15], and a utilititarian approach focuses
or whether entangled states have technological applications such as in various
quantum information protocols. As will be seen in SubSection 3.3, the par-
ticular definition of entangled states based on their non-creatability.via LOCC
essentially coincides with the approach used in the present paper. Wiseman et
al [52], [26] and Reid et al [11] discuss the concept of a heirarchy of entangled
states, with states exhibiting Bell nonlocality being a subset of states for which
there is EPR steering, which in turn is a subset of the entangled states, the
latter being defined as states whose density operators cannot be written as in
Eq. (3) though without further consideration if additional properties are re-
quired for the sub-system density operators. The operational approach could
lead into a quagmire of differing interpretations of entanglement dependng on
which non-classical feature is highlighted, and the utilitarian approach implies
that all entangled states have a technological use, which is by no means the case.
For these reasons, the present mathematical approach based on the quantities
involved representing physical sub-system states is generally favoured [9]. It is
also compatible with later classifying entangled states in a heirarchy.
2.2.2 Local Systems and Operations
As pointed out by Vedral [8], one reason for calling states such as in Eqs.(1) and
(3) separable is associated with the idea of performing operations on the separate
sub-systems that do not affect the other sub-systems. Such operations on such
local systems are referred to as local operations and include unitary operations
ÛA, ÛB, that change the states via ρ̂
A
R → ÛAρ̂ARÛ−1A , ρ̂BR → ÛBρ̂BRÛ−1B , etc as in
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a time evolution, and could include processes by which the states ρ̂AR, ρ̂
B
R , are
separately prepared from suitable initial states.
We note that performing local operations on a separable state only produces
another separable state, not an entangled state. Such local operations are obvi-
ously faciltated in experiments if the sub-systems are essentially non-interacting
- such as when they are spatially well-separated, though this does not have to
be the case. The local systems and operations could involve sub-systems whose
quantum states and operators are just in different parts of Hilbert space, such as
for cold atoms in different hyperfine states even when located in the same spatial
region. Note the distinction between local and localised. As described by Werner
[5], if one observer (Alice) is associated with preparing separate sub-system A in
a physical state ρ̂AR via local operations with a probability PR, a second observer
(Bob) could be then advised via a classical communication channel to prepare
sub-system B in state ρ̂BR via local operations. After repeating this process
for different choices R of the correlated pairs of sub-system states, the overall
quantum state prepared by both observers via this local operation and classical
communication protocol ( LOCC) would then be the bipartite non-entangled
state ρ̂ =
∑
R PR ρ̂
A
R ⊗ ρ̂BR . Multipartite non-entangled states of the form (3)
can also be prepared via LOCC protocols involving further observers. As will be
seen, the separable or non-entangled states are just those that can be prepared
by LOCC protocols.
2.2.3 Constraints on Sub-System Density Operators
A key issue however is whether density operators ρ̂ and ρ̂AR, ρ̂
B
R , in Eq. (3)
always represent possible physical states, even if the operators ρ̂ and ρ̂AR, ρ̂
B
R ,
etc satisfy all the standard mathematical requirements for density operators -
Hermitiancy, positiveness, trace equal to unity, trace of density operator squared
being not greater than unity. In this paper it will be argued that there are further
requirements not only on the overall density operator, but also on those for the
individual sub-systems that are imposed by symmetrisation and super-selection
rules.
2.2.4 Classical Entanglement
In addition to quantum entanglement there is a body of work (see [53], [54],
[55]) dealing with so-called classical entanglement . Here the states of classical
systems - such as a classical EM field - are represented via a formalism involving
linear vector spaces and classical entanglement is defined mathematically. A
discussion of classical entanglement is given for completeness in Appendix 16.
Although there are some formal similarities with quantum entanglement - and
even Bell type inequalites which can be violated, there are key features that is
not analogous to that for composite quantum systems. In the end, classical and
quantum entanglement are fundamentally different when the physics of the two
different types of system - one classical and deterministic, the other quantum
and probabilistic are taken into account rather than just focusing on similarities
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in the mathematical formalisms. In particular, the key feature of quantum
entanglement relating to joint measurement probailities is quite different to the
corresponding one for classical entanglement.
2.3 Separate and Joint Measurements, Reduced Density
Operator
In this SubSection we consider separate and joint measurements on systems
involving several sub-systems and introduce results for probabilities, mean val-
ues for measurements on one of the sub-systems which are conditional on the
results for measurements on another of the sub-systems. This will require con-
sideration of quantum theoretical conditional probabilities. The measurements
involved will be assumed for simplicity to be von Neumann projective mea-
surements for physical quantities represented by Hermitian operators Ω̂, which
project the quantum state into subspaces for the eigenvalue λi that is measured,
the subspaces being associated with Hermitian, idempotent projectors Π̂i whose
sum over all eigenvalues is unity. These concepts are treated in several quantum
theory textbooks, for example [6], [56]. For completeness, an account setting
out the key results is presented in Appendix 10.
2.3.1 Joint Measurements on Sub-Systems
For situations involving distinct sub-systems measurements can be carried out
on all the sub-systems and the results expressed in terms of the joint probability
for various outcomes. If Ω̂A is a physical quantity associated with sub-system
A, with eigenvalues λAi and with Π̂
A
i the projector onto the subspace with
eigenvalue λAi , Ω̂B is a physical quantity associated with sub-system B, with
eigenvalues λBj and with Π̂
B
j the projector onto the subspace with eigenvalue
λBj etc., then the joint probability PAB..(i, j, ..) that measurement of Ω̂A leads
to result λAi , measurement of Ω̂B leads to result λ
B
j ,etc is given by
PAB..(i, j, ..) = Tr(Π̂
A
i Π̂
B
j ...ρ̂) (4)
This joint probability depends on the full density operator ρ̂ representing the
physical state as well as on the quantities being measured. Here the projectors
(strictly Π̂Ai ⊗ 1̂B⊗ .., 1̂A⊗ Π̂Bj ⊗ .., etc) commute, so the order of measurements
is immaterial. An alternative notation in which the physical quantities are also
specified is PAB..(Ω̂A, i; Ω̂B, j; ..).
2.3.2 Single Measurements on Sub-Systems and Reduced Density
Operator
The reduced density operator ρ̂A for sub-system A given by
ρ̂A = TrB,C,...(ρ̂) (5)
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and enables the results for measurements on sub-system A to be determined for
the situation where the results for all joint measurements involving the other
sub-systems are discarded. The probability PA(i) that measurement of Ω̂A leads
to result λAi irrespective of the results for meaurements on the other sub-systems
is given by
PA(i) =
∑
j,k,..
PAB..(i, j, ..)
= Tr(Π̂Ai .ρ̂) (6)
= TrA(Π̂
A
i ρ̂A) (7)
using
∑
j
Π̂Bj = 1̂, etc. Hence the reduced density operator ρ̂A plays the role of
specifying the physical state for mode A considered as a separate sub-system,
even if the original state ρ̂ is entangled. An alternative notation in which the
physical quantity is also specified is PA(Ω̂A, i).
2.3.3 Mean Value and Variance
The mean value for measuring a physical quantity Ω̂A will be given by〈
Ω̂A
〉
=
∑
λAi
λAi PA(i)
= TrA(Ω̂
A ρ̂A) (8)
where we have used Ω̂A =
∑
λAi
λAi Π̂
A
i .
The variance of measurements of the physical quantity Ω̂A will be given by〈
(∆Ω̂A)2
〉
=
∑
λAi
(λAi −
〈
Ω̂A
〉
)2PA(i)
= TrA(
(
Ω̂A −
〈
Ω̂A
〉)2
ρ̂A) (9)
so both the mean and variance only depend on the reduced density operator ρ̂A.
On the other hand the mean value of a product of sub-system operators
Ω̂A⊗ Ω̂B⊗ Ω̂C⊗ ..., where Ω̂A, Ω̂B , Ω̂C , .. are Hermitian operators representing
physical quantities for the separate sub-systems, is given by〈
Ω̂A ⊗ Ω̂B ⊗ Ω̂C ⊗ .
〉
=
∑
λAi
∑
λBj
...λAi λ
B
j ...PAB..(i, j, ..)
= Tr
(
Ω̂A ⊗ Ω̂B ⊗ Ω̂C ⊗ .
)
ρ̂ (10)
which involves the overall system density operator, as expected.
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2.3.4 Conditional Probabilities
Treating the case of two sub-systems for simplicity we can use Bayes theorem
(see Appendix 10, Eq.(256)) to obtain expressions for conditional probabilities
[9]. The conditional probability that if measurement of Ω̂B associated with
sub-system B leads to eigenvalue λBj then measurement of Ω̂A associated with
sub-system A leads to eigenvalue λAi is given by
PAB(i|j) = Tr(Π̂Ai Π̂Bj ρ̂)/T r(Π̂Bj ρ̂) (11)
In general, the overall density operator is required to determine the conditional
probability. An alternative notation in which the physical quantities are also
specified is PAB(Ω̂A, i|Ω̂B, j).
As shown in Appendix 10 the conditional probability is given by
PAB(i|j) = Tr(Π̂Ai ρ̂cond(Ω̂B, λBj )) (12)
where
ρ̂cond(Ω̂B , λ
B
j ) = Π̂
B
j ρ̂ Π̂
B
j /T r(Π̂
B
j ρ̂) (13)
is the so-called conditioned density operator, corresponding the quantum state
produced following the measurement of Ω̂B that obtained the result λ
B
j . The
conditional probability result is the same as
PAB(i|j) = Tr(Π̂Ai ρ̂cond(Ω̂B, λBj )) (14)
which is the same as the expression (6) with ρ̂ replaced by ρ̂cond(Ω̂B, λ
B
j ). This
is what would be expected for a conditioned measurement probability.
Also, if the measurement results for Ω̂B are not recorded the conditioned
density operator now becomes
ρ̂cond(Ω̂B) =
∑
λBj
PB(j)ρ̂cond(Ω̂B, λ
B
j )
=
∑
λBj
Π̂Bj ρ̂ Π̂
B
j (15)
This is still different to the original density operator ρ̂ because a measurement of
Ω̂B has occured, even if we dont know the outcome. However, the measurement
probability for Ω̂A is now
PAB(i|Any j) = Tr(Π̂Ai ρ̂cond(Ω̂B))
= Tr(Π̂Ai ρ̂) (16)
= PA(i) (17)
where we have used the cyclic properties of the trace,
(
Π̂Bj
)2
= Π̂Bj and∑
λBj
Π̂Bj = 1̂. The results in Eqs. (16) and (17) are the same as the mea-
surement probability for Ω̂A if no measurement for Ω̂B had taken place at all.
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This is perhaps not surprising, since the record of the latter measurements was
discarded. Another way of showing this result is that Bayes Theorem tells us
that
∑
j PAB(i|j)PB(j) =
∑
j PAB(i, j) = PA(i), since
∑
j PAB(i, j) is the prob-
ability that measurement of Ω̂A will lead to λ
A
i and measurement of Ω̂B will
lead to any of the λBj . This result is called the no-signalling theorem [9].
2.3.5 Conditional Mean and Variance
As explained in Appendix 10, to determine the conditioned mean value of Λ̂
after measurement of Ω̂ has led to the eigenvalue λi we use ρ̂cond(Ω̂, i) rather
than ρ̂ in the mean formula
〈
Λ̂
〉
= Tr(Λ̂ρ̂) and the result is given in terms of the
conditional probability P (Λ̂j|Ω̂i). Here we refer to two commuting observables
and include the operators in the notation to avoid any misinterpretation. Hence〈
Λ̂
〉
Ω̂,i
= Tr(Λ̂ρ̂cond(Ω̂, i))
=
∑
j
µj P (Λ̂, j|Ω̂, i) (18)
For the conditioned variance of Λ̂ after measurement of Ω̂ has led to the
eigenvalue λi we use ρ̂cond(Ω̂, i) rather than ρ̂ and the conditioned mean
〈
Λ̂
〉
Ω̂,i
rather
than
〈
Λ̂
〉
in the variance formula
〈
∆Λ̂2
〉
= Tr((Λ̂ −
〈
Λ̂
〉
)2ρ̂). Hence〈
∆Λ̂2
〉
Ω̂,i
= Tr((Λ̂−
〈
Λ̂
〉
Ω̂,i
)2ρ̂cond(Ω̂, i))
=
∑
j
(µj −
〈
Λ̂
〉
Ω̂,i
)2 P (Λ̂, j|Ω̂, i) (19)
If we weighted the conditioned mean by the probability P (Ω̂, i) that mea-
suring Ω̂ has led to the eigenvalue λi and summed over the possible outcomes
λi for the Ω̂ measurement, then we obtain the mean for measurements of
Λ̂ after un-recorded measurements of Ω̂ have occured. From Bayes theorem∑
i
P (Λ̂, j|Ω̂, i)P (Ω̂, i) = P (Λ̂, j) so this gives the unrecorded mean
〈
Λ̂
〉
Ω̂
as
〈
Λ̂
〉
Ω̂
=
∑
i
〈
Λ̂
〉
Ω̂,i
P (Ω̂, i)
=
∑
j
µj P (Λ̂, j)
=
〈
Λ̂
〉
(20)
which is the usual mean value for measurements of Λ̂ when no measurements
of Ω̂ have occured. Note that no such similar result occurs for the unrecorded
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variance
〈
∆Λ̂2
〉
Ω̂ 〈
∆Λ̂2
〉
Ω̂
=
∑
i
〈
∆Λ̂2
〉
Ω̂,i
P (Ω̂, i)
6=
〈
∆Λ̂2
〉
(21)
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2.4 Non-Entangled States
In this SubSection we will set out the key results for measurements on non-
entangled states.
2.4.1 Non-Entangled States - Joint Measurements on Sub-Systems
In the case of the general non-entangled state we find that the joint probability
is
PAB..(i, j, ..) =
∑
R
PR P
R
A (i)P
R
B (j).. (22)
where
PRA (i) = Tr(Π̂
A
i ρ̂
A
R) P
R
B (j) = Tr(Π̂
B
j ρ̂
B
R) .. (23)
are the probabilities for measurement results for Ω̂A, Ω̂B, ..on the separate sub-
systems with density operators ρ̂AR, ρ̂
B
R , etc and the overall joint probability is
given by the products of the probalbilities PRA (i), P
R
B (j), ..for the measurement
results λAi , λ
B
j , ..for physical quantities Ω̂A, Ω̂B, ..if the sub-systems are in the
states ρ̂AR, ρ̂
B
R , etc. These products are then weighted by the probability PR
that the system is prepared in the particular product state ρ̂AR ⊗ ρ̂BR ⊗ ρ̂CR ⊗ ..to
determine the overall joint probability PAB..(i, j, ..). The overall probability is
of a classical form. Obviously this joint probability depends on the sub-system
density operators ρ̂AR, ρ̂
B
R , etc.
In the simple non-entangled pure state situation in Eq.(1) the joint proba-
bilty only involves a single product of sub-system probabilities
PAB..(i, j, ..) = PA(i)PB(j).. (24)
where
PA(i) = 〈ΦA| Π̂Ai |ΦA〉 PB(j) = 〈ΦB | Π̂Bj |ΦB〉 .. (25)
just give the probabilities for measurements in the separate sub-systems.
This key result (22) showing that the joint measurement probability for a
separable state only depends on separate measurement probabilities for the sub-
systems, together with the classical probability for preparing correlated product
states of the sub-systems, does not apply for entangled states. Hence the key
quantum feature for composite systems of non-separability for joint measurement
probabilites applies only to entangled states. It is the absence of the feature
that joint probabilities depend on sub-system measurement probabilities that
led Schrodinger to call non-separable states entangled. This strange quantum
feature of entangled states has been regarded as particularly unusual when the
sub-systems are spatially well-separated (or non-local) and is linked to quantum
paradoxes such as EPR. Measurements on sub-system A of physical quantity
Ω̂A affect the results of measurements of Ω̂B at the same time on a distant
sub-system B, even if the choice of measured quantity Ω̂B is unkown to the
experimenter measuring Ω̂A. As will be shown below, a similar result to (22)
also occurs in hidden variable theory - a classical theory - so non-separability for
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joint measurements resulting from entanglement is a truly non-classical feature
of composite systems.
2.4.2 Non-Entangled States - Single Sub-System Measurements
For the general non-entangled state, the reduced density operator for sub-system
A is given by
ρ̂A =
∑
R
PR ρ̂
A
R (26)
A key feature of a non-entangled state is that the results of a measurement on
any one of the sub-systems is independent of the states for the other subsystems.
From Eqs.(7) and (26) the probability PA(i) that measurement of Ω̂A leads to
result λAi is given by
PA(i) =
∑
R
PR P
R
A (i) (27)
where the reduced density operator is given by Eq. (26) for the non-entangled
state in Eq. (3). This result only depends on the reduced density operator ρ̂A,
which represents a state for sub-system A and which is a statistical mixture of
the sub-system states ρ̂AR, with a probability PR that is the same for all sub-
systems. The result for the measurement probability PA(i) is just the statistical
average of the results that would apply if sub-system A were in possible states
ρ̂AR. For all quantum states the final expression for the measurement probabil-
ity PA(i) only involves a trace of quantities Π̂
A
i , ρ̂A that apply to sub-system
A, but for a non-entangled state the reduced density operator ρ̂A is given by
an expression (26) that does not involve density operators for the other sub-
systems. Thus for a non-entangled state, the probability PA(i) is independent
of the states ρ̂BR , ρ̂
C
R, associated with the other sub-systems. Analogous results
apply for measurements on the other sub-systems.
2.4.3 Non-Entangled States - Conditional Probability
For a general non-entangled bipartite mixed state the conditional probability is
given by
PAB(i|j) =
∑
R
PR P
R
A (i)P
R
B (j)/
∑
R
PR P
R
B (j) (28)
which in general depends on Ω̂B associated with sub-system B and the eigen-
value λBj . This may seem surprising for the case where A and B are localised
sub-systems which are well separated. It implies that even for separable states a
measurement result for sub-system B will affect the result for a totally unrelated
measurement on sub-system A which is a long distance away. This is an exam-
ple of ”spooky action at a distance”. However, it should be remembered that
the general separable state is still a correlated state, so each sub-system density
operator ρ̂BR for sub-system B is matched with a corresponding density operator
ρ̂AR for sub-system A. It is therefore not surprising that the measurement results
for A are not independent of those for B.
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However, for a non-entangled pure state where ρ̂ = ρ̂A ⊗ ρ̂B we find that
PAB(i|j) = PA(i) (29)
where PA(i) = Tr(Π̂
A
i ρ̂
A). For separable pure states the conditional probability
is independent of Ω̂B associated with sub-system B and the eigenvalue λ
B
j .
Also of course
∑
j PAB(i|j)PB(j) = PA(i) is true for separable states since
it applies to general bipartite states. Hence if the measurement results for Ω̂B
are discarded then the probability distribution for measurements on Ω̂A will be
determined from the conditioned density operator ρ̂cond(Ω̂B) and just result in
PA(i) - as in shown in Eq.(17) for any quantum state.
2.4.4 Non-Entangled States - Mean Values and Correlations
For non-entangled states as in Eq. (3) the mean value for measuring a physical
quantity Ω̂A ⊗ Ω̂B ⊗ Ω̂C ⊗ ..., where Ω̂A, Ω̂B, Ω̂C , .. are Hermitian operators
representing physical quantities for the separate sub-systems can be obtained
from Eqs.(3) and (10) and is given by〈
Ω̂A ⊗ Ω̂B ⊗ Ω̂C ⊗ .
〉
=
∑
R
PR
〈
Ω̂A
〉A
R
〈
Ω̂B
〉B
R
〈
Ω̂C
〉C
R
... (30)
where 〈
Ω̂K
〉K
R
= Tr(Ω̂K ρ̂
K
R ), (K = A,B, ..) (31)
is the mean value for measuring Ω̂K in the K sub-system when its density
operator is ρ̂KR . Since the overall mean value is not equal to the product of
the separate mean values, the measurements on the sub-systems are said to be
correlated. However, for the general non-entangled state as the mean value is
just the products of mean values weighted by the probability of preparing the
particular product state - which involves a LOCC protocal, as we have seen
- the correlation is classical rather than quantum [9]. In the case of a sin-
gle product state where ρ̂ = ρ̂A ⊗ ρ̂B ⊗ ρ̂C ⊗ ..we have
〈
Ω̂A ⊗ Ω̂B ⊗ Ω̂C ⊗ .
〉
=〈
Ω̂A
〉A 〈
Ω̂B
〉B 〈
Ω̂C
〉C
...which is just the product of mean values for the sepa-
rate sub-systems, and in this case the measurements on the sub-systems are said
to be uncorrelated. For entangled states however the last result for
〈
Ω̂A ⊗ Ω̂B ⊗ Ω̂C ⊗ .
〉
does not apply, and the correlation is strictly quantum.
2.5 Hidden Variable Theory
In a general local hidden variable theory physical quantities associated with the
sub-systems are denoted ΩA, ΩB etc, which are real numbers not operators.
Their values are assumed to be λAi , λ
B
j etc - the same as in quantum theory,
since HVT does not challenge the quantization feature. In the realist viewpoint
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of HVT all the physical quantities have definite values at any time, these values
being determined from a set of hidden variables ξ. Measurement is not required
for the values for physical quantities to be created, as in quantum theory. How-
ever, in a so-called ”fuzzy” hidden variable theory [57] (see also Section 7.1 of
[8]) the values for ΩA, ΩB etc are determined probabilisticly from the hidden
variables. For particular hidden variables ξ the probability that ΩA has value λ
A
i
will be given by PA(i, ξ), for particular hidden variables ξ the probability that
ΩB has value λ
B
j will be given by PB(j, ξ), etc and the HVT joint probability
will be given by
PAB..(i, j, ..) =
∫
dξ P (ξ)PA(i, ξ)PB(j, ξ)... (32)
Here P (ξ)dξ is the probability that the hidden variables are in the range dξ
around ξ, the HV being assumed continuous - which is not a requirement.
The probabilities satisfy the usual sum rules for all outcomes giving one, thus∑
i PA(i, ξ) = 1, etc.,
∫
dξ P (ξ) = 1.
The formal similarity of the HVT expression for the joint probability and
that for the case of quantum separable states given in Eq.(22) is noticable.
Although the conceptual basis of the various factors is quite different, it is
always possible to describe any quantum separable state via a HVT. The differ-
ent R for the separable state can be regarded as equivalent to hidden vari-
ables ξ, with PR ⇒ P (ξ) and
∑
R
⇒ ∫ dξ . The HVT classical probabili-
ties PA(i, ξ), PB(j, ξ).would be given by the quantum probabilities P
R
A (i) =
Tr(Π̂Ai ρ̂
A
R), .P
R
B (j) = Tr(Π̂
B
j ρ̂
B
R), .respectively. There is of course no indepen-
dent fully developed classical HVT that can predict the PA(i, ξ), PB(j, ξ).etc.
However, as we will see both the HVT and the quantum separable state predic-
tions are consistent with Bell Inequalities, and it requires a quantum entangled
state to demonstrate violations. Naturally it follows that quantum entangled
states cannot be described via a HVT.
2.5.1 HVT- Mean Values and Correlation
The actual values that would be assigned to the physical quantities ΩA, ΩB etc
will depend on the hidden variables but can be taken as the mean values of the
possible values λAi ,λ
A
i etc. We denote these mean values as 〈ΩA(ξA)〉, 〈ΩB(ξB)〉
etc where
〈ΩK(ξK)〉 =
∑
λK
k
λKk PK(k, ξK) (K = A,B, ..) (33)
These expressions my be compared to Eq.(31) for the mean values of physical
quantities Ω̂A, Ω̂B etc in quantum separable states.
We can then obtain an expression for the mean value in HVT of the physical
quantity ΩA×ΩB×ΩC × ..., where ΩA, ΩB, etc. are physical quantities for the
separate sub-systems. This is obtained from Eqs.(32) and (33) and is given by
〈ΩA × ΩB × ΩC × .〉HV T =
∫
dξ P (ξ) 〈ΩA(ξA)〉 〈ΩB(ξB)〉 〈ΩC(ξC)〉 .. (34)
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This may be compared to Eq.(30) for the mean value of the physical quantity
Ω̂A ⊗ Ω̂B ⊗ Ω̂C⊗ in quantum separable states.
2.5.2 HVT- GHZ State
The GHZ state [58] is an entangled state of three sub-systems A, B and C, each
of which is associated with two quantum states |+1〉 and |−1〉. Each sub-system
has three physical quantities, which are Pauli spin operators σ̂x, σ̂y and σ̂z. The
quantum states |+1〉 and |−1〉 are eigenstates of σ̂z with eigenvalues +1 and −1
respectively. Note that the eigenvalues of the other two Pauli spin operators are
also +1 and −1. The GHZ state is defined by
|Ψ〉GHZ = (|+1〉A |+1〉B |+1〉C + |−1〉A |−1〉B |−1〉C)/
√
2 (35)
The GHZ state provides a clear example of an entangled quantum state
which cannot be described via hidden variable theory. In a non-fuzzy version of
HVT each of the nine physical quantities σAx , σ
A
y , σ
A
z , σ
B
x , σ
B
y , σ
B
z , σ
C
x , σ
C
y , σ
C
z
will be associated with hidden variables that directly specify the values +1 and
−1 that each one of these physical quantities may have. We denote these hidden
variables as MKα , where K = A,B,C and α = x, y, z and we have M
K
α = +1 or
−1. With this direct specification of the physical values Eq.(33) just becomes〈
σKα (M
K)
〉
=MKα and Eq.(34) becomes
〈
σAα × σBβ × σCγ .
〉
HV T
=MAα M
B
β M
C
γ
.We can then derive a contradiction with quantum theory regarding the HVT
description of the GHZ state.
Firstly, using the Pauli spin matrices for the |+1〉 and |−1〉 basis states
[σ̂x] =
[
0 1
1 0
]
[σ̂y] =
[
0 −i
i 0
]
[σ̂x] =
[
1 0
0 −1
]
(36)
it is straightforward to show that the GHZ state satisfies three eigenvalue equa-
tions
σ̂Ax σ̂
B
y σ̂
C
y |Ψ〉GHZ = (−1) |Ψ〉GHZ
σ̂Ay σ̂
B
x σ̂
C
y |Ψ〉GHZ = (−1) |Ψ〉GHZ
σ̂Ay σ̂
B
y σ̂
C
x |Ψ〉GHZ = (−1) |Ψ〉GHZ (37)
Hence in HVT the three quantities σAx σ
B
y σ
C
y , σ
A
y σ
B
x σ
C
y and σ
A
y σ
B
y σ
C
x must all
have value −1 in the GHZ state, so that as the values for these quantities are
just the products of the values for each of the factors we get three equations
MAx M
B
y M
C
y = −1 MAy MBx MCy = −1 MAy MBy MCx = −1 (38)
Secondly, if we apply all three operators σ̂Ax σ̂
B
x σ̂
C
x to the GHZ state we find
another eigenvalue equation
σ̂Ax σ̂
B
x σ̂
C
x |Ψ〉GHZ = (+1) |Ψ〉GHZ (39)
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which leads to
MAx M
B
x M
C
x = +1 (40)
However, if we multiply the three equations in Eq.(38) together and use (MKy )
2 =
+1 we find that MAx M
B
x M
C
x = −1, in direct contradiction to the last equation.
Thus the assignment of hidden variables for all the physical quantities σKα fails
to describe the GHZ state. As we will see in the next SubSection, there are tests
involving the violation of Bell Inequalities that are satisfied by some entangled
states which demonstrate the failure of more general local HVT to describe such
states.
2.6 Paradoxes
The EPR and Schrodinger Cat paradoxes figured prominently in early discus-
sions about entanglement. Both paradoxes involve composite systems and the
consideration of quantum states which are entangled Both these paradoxes re-
flect the conflict between quantum theory, in which the values for physical quan-
tities only take on definite values when measurement occurs and classical theory,
in which the values for physical quantities always exist even when measurement
is not involved. The latter viewpoint is referred to as realism. Quantum theory
is also probabalistic so although the possible outcomes for measuring a physi-
cal quantity can be determined prior to measurement, the actual outcome in a
given quantum state for the measured outcome is only known as a probability.
However, from the realist viewpoint, quantum theory is incomplete and a future
theory based around hidden variables would determine the actual values of the
physical quantities, as well as the quantum probabilities that particular values
will be found via measurement.
Whilst the EPR and Schrodinger Cat paradoxes are of historical interest
and have provoked much debate, it was the formulation of the Bell inequalities
(which are described in the next SubSection 2.7) and the conditions under which
they could be violated that provided the first clear case of where the predictions
of quantum theory could differ from those of hidden variable theories. It then
became possible to carry out actual experiments to distinguish these two funda-
mentally different theories. The actual experimental evidence is consistent with
quantum theory and rules out hidden variable theories.
2.6.1 EPR Paradox
In the original version of the EPR paradox Einstein et al [1] considered a two-
particle system A, B in which the particles were associated with positions x̂A,
x̂B and momenta p̂A, p̂B. They envisaged a quantum state in which the pairs
of physical quantities x̂A, x̂B or p̂A, p̂B had highly correlated values - measured
or otherwise. To be specific, one may consider a simultaneous eigenstate of the
two commuting operators x̂A − x̂B and p̂A + p̂B, where (x̂A − x̂B) |Φ〉 = 2x |Φ〉
and (p̂A + p̂B) |Φ〉 = 0 |Φ〉. Thus if A had a mean momentum p then B would
have a mean momentum −p. Alternatively, if A had a mean position x then
B would have a mean position −x. Then if the eigenvalue 2x is very large
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the two particles will be well-separated (in quantum theory their spatial wave
functions would be localised in separate spatial regions) so that if the position
of B was measured then the position of A would be immediately known, even
if the particles were light years apart. If the momentum of B was measured
instead then the momentum of A would immediately be known. From the
realist point of view both A and B always have definite positions and momenta,
even if these are not known. It would seem then that measurements of position
and momentum on particle B would lead to a knowledge of the position and
momentum at a far distant particle A, perhaps with an accuracy that would
violate the Heisenberg Uncertainty Principle (HUP). Alternatively, the position
of B might be measured along with the momentum of A, these being commuting
observables. But as we have seen, knowing the position ofB leads to a knowledge
of the position at far-distant particle A, so the outcome is that both the position
and momentum of A are known, again with the possibility of violaing the HUP.
Thus a somewhat paradoxical situation would seem to arise. Einstein stated
that this did not demonstrate that quantum theory was wrong, only that it was
incomplete.
Discussions of the EPR paradox [1] in terms of hidden variable theories
has been given by numerous authors (see [9], [8], [57], [10] for example). The
recent papers and reviews by Reid et al give a full account taking into con-
sideration the ”fuzzy” version of HVT and determining the predictions for the
conditional variances for xA and pA based both on separable quantum states
and states described via HVT. This treatment successfully quantifies the some-
what qualitative considerations described in the previous paragraph. If the
position for particle B is measured and the result is x, then the original den-
sity operator ρ̂ for the two particle system is changed into the conditional
density operator ρ̂cond(x̂B , x) = Π̂
B
x ρ̂ Π̂
B
x /T r(Π̂
B
x ρ̂), where Π̂
B
x = (|x〉 〈x|)B
is the projector onto the eigenvector |x〉B (the eigenvalues x are assumed for
simplicity to form a quasi-continuum). Similarly, if the momentum for par-
ticle B is measured and the result is p, then the original density operator ρ̂
for the two particle system is changed into the conditional density operator
ρ̂cond(p̂B, p) = Π̂
B
p ρ̂ Π̂
B
p /T r(Π̂
B
p ρ̂), where Π̂
B
p = (|p〉 〈p|)B is the projector onto
the eigenvector |p〉B (the eigenvalues p are assumed for simplicity to form a
quasi-continuum). Here we outline the discussion based on quantum separable
states.
For separable states the conditional probability that measurement of x̂A on
sub-system A leads to eigenvalue xA given that measurement of x̂B on sub-
system B leads to eigenvalue xB is obtained from Eq.(28) as
P (x̂A, xA|x̂B, xB) =
∑
R
PR P
R
A (x̂A, xA)P
R
B (x̂B , xB)/
∑
R
PR P
R
B (x̂B , xB) (41)
where
PRA (x̂A, xA) = TrA(Π̂
A
xA ρ̂
A
R) P
R
B (x̂B , xB) = TrB(Π̂
B
xB ρ̂
B
R) (42)
are the probabilities for position measurements in the separate sub-systems.
The probability that measurement of x̂B on sub-system B leads to eigenvalue
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xB is
P (x̂B , xB) =
∑
R
PR P
R
B (x̂B , xB) (43)
The mean result for measurement of x̂A for this conditional measurement is
from Eq.(18)
〈x̂A〉x̂B,xB =
∑
xA
xA P (x̂A, xA|x̂B, xB)
=
∑
R
PR 〈x̂A〉R PRB (x̂B , xB)/P (x̂B, xB) (44)
where
〈x̂A〉R =
∑
xA
xAP
R
A (x̂A, xA) (45)
is the mean result for measurement of x̂A when the sub-system is in state ρ̂
A
R.
The conditional variance for measurement of x̂A for the conditional mea-
surement of x̂B on sub-system B which led to eigenvalue xB is from Eq.(19)〈
∆x̂2A
〉
x̂B ,xB
=
∑
xA
(xA − 〈x̂A〉x̂B ,xB )2 P (x̂A, xA|x̂B , xB)
=
∑
R
PR
〈
∆x̂2A
〉R
x̂B ,xB
PRB (x̂B , xB)/P (x̂B , xB) (46)
where 〈
∆x̂2A
〉R
x̂B ,xB
=
∑
xA
(xA − 〈x̂A〉x̂B ,xB)2 PRA (x̂A, xA)
is a variance for measurement of x̂A for when the sub-system is in state ρ̂
A
R but
now with the fluctuation about the mean 〈x̂A〉x̂B ,xB for measurements condi-
tional on measuring x̂B.
However, for each sub-system state R the quantity
〈
∆x̂2A
〉R
x̂B ,xB
is minimised
if 〈x̂A〉x̂B,xB is replaced by the unconditioned mean 〈x̂A〉R just determined from
ρ̂AR. Thus we have an inequality〈
∆x̂2A
〉R
x̂B,xB
≥ 〈∆x̂2A〉R (47)
where 〈
∆x̂2A
〉R
=
∑
xA
(xA − 〈x̂A〉)2 PRA (x̂A, xA) (48)
is the normal variance for measurement of x̂A for when the sub-system is in
state ρ̂AR.
Now if the measurements of x̂B are unrecorded then the conditioned variance
is 〈
∆x̂2A
〉
x̂B
=
∑
xB
〈
∆x̂2A
〉
x̂B ,xB
P (x̂B , xB)
=
∑
xB
∑
R
PR
〈
∆x̂2A
〉R
x̂B ,xB
PRB (x̂B , xB) (49)
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which in view of inequality (47) satisfies〈
∆x̂2A
〉
x̂B
≥ ∑
xB
∑
R
PR
〈
∆x̂2A
〉R
PRB (x̂B , xB)
=
∑
R
PR
〈
∆x̂2A
〉R
(50)
using
∑
xB
PRB (x̂B , xB) = 1. Thus the variance for measurement of position x̂A
conditioned on unrecorded measurements for position x̂B satisfies an inequality
that only depends on the variances for measurements of x̂A in the possible
sub-system A states ρ̂AR.
Now exactly the same treatment can be carried out for the variance of mo-
mentum p̂A conditioned on unrecorded measurements of measurements for mo-
mentum p̂B. We have with〈
∆p̂2A
〉
p̂B
=
∑
pB
〈
∆p̂2A
〉
p̂B ,pB
P (p̂B, pB)〈
∆p̂2A
〉
p̂B ,pB
=
∑
pA
(pA − 〈p̂A〉p̂B ,pB )2 P (p̂A, pA|p̂B, pB)
〈p̂A〉p̂B ,pB =
∑
pA
pA P (p̂A, pA|p̂B, pB)
the inequality 〈
∆p̂2A
〉
p̂B
≥
∑
R
PR
〈
∆p̂2A
〉R
(51)
with 〈
∆p̂2A
〉R
=
∑
pA
(pA − 〈p̂A〉)2 PRA (p̂A, pA) (52)
is the normal variance for measurement of p̂A for when the sub-system is in
state ρ̂AR.
We now multiply the two conditional variances, which it is important to
note were associated with two different conditioned states based on two different
measurements - position and momentum - carried out on sub-system B.〈
∆x̂2A
〉
x̂B
〈
∆p̂2A
〉
p̂B
≥
∑
R
PR
〈
∆x̂2A
〉R∑
S
PS
〈
∆p̂2A
〉S
(53)
However, from the general inequality in Eq.(268)
∑
R
PR CR
∑
R
PRDR ≥
(∑
R
PR
√
CRDR
)2
(54)
we then have〈
∆x̂2A
〉
x̂B
〈
∆p̂2A
〉
p̂B
≥
(∑
R
PR
√
〈∆x̂2A〉R 〈∆p̂2A〉R
)2
=
(∑
R
PR
√
〈∆x̂2A〉R ×
√
〈∆p̂2A〉R
)2
(55)
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But we know from the HUP that for any given state ρ̂AR that
〈
∆x̂2A
〉R 〈
∆p̂2A
〉R ≥
1
4~
2, so for the conditioned variances associated with a separable state
〈
∆x̂2A
〉
x̂B
〈
∆p̂2A
〉
p̂B
≥ 1
4
~
2 (56)
showing that for a separable state the conditioned variances involving position
and momentum measurements on sub-system B still satisfy the HUP. Thus if
the EPR violations are to occur then the state must be entangled.
In [57] an analogous treatment based on hidden variable theory also shows
that the HUP is satisfied for the conditioned variances. The details of this
treatment will not be given here, but the formal similarity of expressions for
conditional probabilities in HVT and for separable states indicates the steps
involved.
An effect related to the EPR paradox is EPR Steering. As we have seen, the
measurement of the position for particleB changes the density operator and con-
sequently the probability distributions for measurements on particle A will now
be determined from the conditional probabilities, such as PAB(x̂A, xA|x̂B, xB)
or PAB(p̂A, pA|x̂B, xB).Thus measurements on B are said to steer the results
for measurements on A. Steering will of course only apply if the measurement
results for x̂B are recorded, and not discarded. A discussion of EPR Steering
(see [10]) is beyond the scope of this article.
2.6.2 Schrodinger Cat Paradox
The Schrodinger Cat Paradox [2], [59] relates to composite systems where one
sub-system (the cat) is macroscopic and the other sub-system is microscopic
(the radioactive atom). Schrodinger envisaged a state in which an alive cat and
an undecayed atom existed at an initial time, and because the decayed atom
would be associated with a dead cat, the system after a time corresponding to
the half-life for radioactive decay would be described in quantum theory via the
entangled state
|Ψ〉 = 1√
2
(|e〉Atom |Alive〉Cat + |g〉Atom |Dead〉Cat) (57)
in an obvious notation. The combined system is in an enclosed box, and opening
the box constitutes a measurement on the system. According to quantum theory
if the box was opened at this time there would be a probability of 1/2 of finding
the atom undecayed and the cat alive, with the same probability for finding a
decayed atom and a dead cat. From the realist viewpoint the cat should be
either dead or it should be alive irrespective of whether the box is opened or
not, and it is a paradox that in the quantum theory description of the state prior
to measurement the cat is in some sense both dead and alive. This paradox is
made worse because the cat is a macroscopic system - how could a cat be either
dead or alive at the same time, it must be one or the other? From the quantum
point of view in which the actual values of physical quantities only appear when
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measurement occurs, the Schrodinger cat presents no paradox. The two possible
values signifying the health of the cat are ”alive” and ”dead”, and these values
are found with a probability of 1/2 when measurement takes place on opening
the box, and this would entirely explain the results if such an experiment were
to be performed.
In recent times, experiments based on a Rydberg atom in a microwave cavity
[60] involving states such as (57) have been performed showing that entangle-
ment can occur between macroscopic and microscopic systems, and it is even
possible to prepare states analogous to 1√
2
(|Alive〉Cat+|Dead〉Cat) in the macro-
scopic system itself. In such experiments the different macroscopic states are
large amplitude coherent states of the cavity mode. Coherent states are pos-
sible for microwave photons as they are created from classical currents wiith
well-defined phases. A coherent superposition of an alive and dead cat within
the cat sub-system itself can be created by measurement. The entangled state
in (57) can also be written as
|Ψ〉 = 1√
2
{ 1√
2
(|e〉Atom + |g〉Atom)
1√
2
(|Alive〉Cat + |Dead〉Cat)
+
1√
2
(|e〉Atom − |g〉Atom)
1√
2
(|Alive〉Cat − |Dead〉Cat)} (58)
so that measurement on the atom for an observable in which the superposition
states 1√
2
(|e〉Atom ± |g〉Atom) are the eigenstates would result in the cat being in
the corresponding.superposition states 1√
2
(|Alive〉Cat ± |Dead〉Cat) of an alive
and dead cat.
2.7 Bell Inequalities
Violations of Bell’s Inequalities represent situations where neither hidden vari-
able theory nor quantum theory based on separable states can account for the
result, and therefore provide a clear case where an entangled quantum state is
involved.
2.7.1 Hidden Variable Theory Result
A key feature of entangled states is that they are associated with violations of
Bell inequalities [3] and hence can exhibit this particular non-classical feature.
The Bell inequalities arise in attempts to restore a classical interpretation of
quantum thory via hidden variable treatments, where actual values are assigned
to all measureable quantities - including those which in quantum theory are
associated with non-commuting Hermitian operators. In this case we consider
two different physical quantities ΩA for sub-system A, which are listed A1,
A2, etc , and two ΩB for sub-system B, which are listed B1, B2, etc. The
corresponding quantum Hermitian operators Ω̂A, Ω̂B, etc are Â1, Â2 and, B̂1,
B̂2. The Bell inequalities involve the mean value 〈Ai ×Bj〉HV T of the product
of observables Ai and Bj for subsystems A, B respectively, for which there are
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two possible measured values, +1 and −1. In hidden variable theory.the mean
values 〈Ai ×Bj〉HV T are given by
〈Ai ×Bj〉HV T =
∫
dξ P (ξ) 〈Ai(ξ)〉 〈Bj(ξ)〉 (59)
where 〈Ai(ξ)〉 and 〈Bj(ξ)〉 are the values are assigned to Ai and Bj when the
hidden variables are ξ, and P (ξ) is the hidden variable probability distribution
function. If the corresponding quantum Hermitian operators are such that their
eigenvalues are +1 and −1 - as in the case of Pauli spin operators - then the
only possible values for 〈Ai(ξ)〉 and 〈Bj(ξ)〉 are +1 and −1, since HVT does not
conflict with quantum theory regarding allowed values for physical quantities.
However, hidden variable theory predicts certain inequalities for the mean values
of products of physical quantities for the two sub-systems.
The form given by Clauser et al [4] for Bell’s inequality is
|S| ≤ 2 (60)
where
S = 〈A1 ×B1〉HV T + 〈A1 ×B2〉HV T + 〈A2 ×B1〉HV T − 〈A2 ×B2〉HV T (61)
The minus sign can actually be attached to any one of the four terms.
Following the proof of the Bell inequalities in [9] we have
〈A2 ×B1〉HV T − 〈A2 ×B2〉HV T =
∫
dξ P (ξ) (〈A2(ξ)〉 〈B1(ξ)〉 − 〈A2(ξ)〉 〈B2(ξ)〉)
=
∫
dξ P (ξ) (〈A2(ξ)〉 〈B1(ξ)〉 (1± 〈A1(ξ)〉 〈B2(ξ)〉)
−
∫
dξ P (ξ) (〈A2(ξ)〉 〈B2(ξ)〉 (1 ± 〈A1(ξ)〉 〈B1(ξ)〉)
(62)
Now all the quantities 〈Ai(ξ)〉, 〈Bj(ξ)〉 are either +1 or −1, so the expressions
(1± 〈A1(ξ)〉 〈B2(ξ)〉) and (1± 〈A1(ξ)〉 〈B1(ξ)〉) are never negative. Taking the
modulus of the left side leads to an equality
|〈A2 ×B1〉HV T − 〈A2 ×B2〉HV T |
≤
∫
dξ P (ξ) (|〈A2(ξ)〉| |〈B1(ξ)〉| (1 ± 〈A1(ξ)〉 〈B2(ξ)〉)
+
∫
dξ P (ξ) (|〈A2(ξ)〉| |〈B2(ξ)〉| (1± 〈A1(ξ)〉 〈B1(ξ)〉)
=
∫
dξ P (ξ) (1± 〈A1(ξ)〉 〈B2(ξ)〉) +
∫
dξ P (ξ) (1 ± 〈A1(ξ)〉 〈B1(ξ)〉)
= 2± (
∫
dξ P (ξ) 〈A1(ξ)〉 〈B2(ξ)〉+
∫
dξ P (ξ) 〈A1(ξ)〉 〈B1(ξ)〉)
= 2± (〈A1 ×B2〉HV T + 〈A1 ×B1〉HV T ) (63)
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Hence since |〈A1 ×B2〉HV T + 〈A1 ×B1〉HV T | = +(〈A1 ×B2〉HV T+〈A1 ×B1〉HV T )
or −(〈A1 ×B2〉HV T + 〈A1 ×B1〉HV T ) we have
|〈A2 ×B1〉HV T − 〈A2 ×B2〉HV T |±|〈A1 ×B2〉HV T + 〈A1 ×B1〉HV T | ≤ 2 (64)
But since |X − Y | ≤ |X | + |Y | we see that from the + version of the last
inequality that
|〈A2 ×B1〉HV T − 〈A2 ×B2〉HV T + 〈A1 ×B2〉HV T + 〈A1 ×B1〉HV T | ≤ 2 (65)
This is a Bell inequality. Interchanging A2 ↔ A1 and repeating the derivation
gives |〈A1 ×B1〉HV T − 〈A1 ×B2〉HV T + 〈A2 ×B2〉HV T + 〈A2 ×B1〉HV T | ≤ 2,
which is another Bell inequality. Interchanging B1 ↔ B2 and repeating the
derivation gives |〈A2 ×B2〉HV T − 〈A2 ×B1〉HV T + 〈A1 ×B1〉HV T + 〈A1 ×B2〉HV T | ≤
2, and interchanging A2 ↔ A1 and B1 ↔ B2 and repeating the derivation gives
|〈A1 ×B2〉HV T − 〈A1 ×B1〉HV T + 〈A2 ×B1〉HV T + 〈A2 ×B2〉HV T | ≤ 2. Thus
the minus sign can be attached to any one of the four terms.
2.7.2 Non-Entangled State Result
It can be shown that the Bell inequalities also always occur for non-entangled
states (see Section 7.3 of the book by Vedral [8]). For Bell’s inequalities we
consider Hermitian operators Âi and B̂j for subsystems A, B respectively, for
which there are two eigenvalues +1 and −1, where examples of the operators are
given by the components Âi = ai · σ̂A and B̂j = bj · σ̂B of Pauli spin operators
σ̂A and σ̂B along directions with unit vectors ai and bj . The corresponding
quantum theory quantity for the Bell inequality is
S = E(Â1 ⊗ B̂1) + E(Â1 ⊗ B̂2) + E(Â2 ⊗ B̂1)− E(Â2 ⊗ B̂2) (66)
where in quantum theory the mean value is given by E(Âi⊗B̂j) =
〈
Âi ⊗ B̂j
〉
=
Tr(ρ̂ Âi ⊗ B̂j). For the general bipartite non-entangled state given by 3 it is
easy to show that
S =
∑
R
PR
(〈
Â1
〉A
R
〈
B̂1 + B̂2
〉B
R
+
〈
Â2
〉A
R
〈
B̂1 − B̂2
〉B
R
)
(67)
where
〈
Âi
〉A
R
= Tr(Âi ρ̂
A
R) and
〈
B̂j
〉B
R
= Tr(B̂j ρ̂
B
R) are the expectation values
of Âi and B̂j for the sub-systems A, B in states ρ̂
A
R and ρ̂
B
R respectively. Now〈
Âi
〉A
R
and
〈
B̂j
〉B
R
must lie in the range −1 to +1, so that
〈
B̂1 ± B̂2
〉B
R
must
each lie in the range −2 to +2. Hence
|S| ≤
∑
R
PR
(
|
〈
Â1
〉A
R
| |
〈
B̂1 + B̂2
〉B
R
|+ |
〈
Â2
〉A
R
| |
〈
B̂1 − B̂2
〉B
R
|
)
≤
∑
R
PR
(
|
〈
B̂1 + B̂2
〉B
R
| + |
〈
B̂1 − B̂2
〉B
R
|
)
≤ 2 (68)
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since to obtain |
〈
B̂1 + B̂2
〉B
R
| = 2 requires
〈
B̂1
〉B
R
=
〈
B̂2
〉B
R
= ±1 and then
|
〈
B̂1 − B̂2
〉B
R
| = |
〈
B̂1
〉B
R
−
〈
B̂2
〉B
R
| = 0, or to obtain |
〈
B̂1 − B̂2
〉B
R
| = 2
requires
〈
B̂1
〉B
R
= −
〈
B̂2
〉B
R
= ±1 and then |
〈
B̂1 + B̂2
〉B
R
| = |
〈
B̂1
〉B
R
+〈
B̂2
〉B
R
| = 0.
2.7.3 Bell Inequality Violation and Entanglement
It follows that for a general two mode non-entangled state |S| cannot violate
the Bell inequality limit of 2. Thus, the violation of Bell inequalities proves
that the quantum state must be entangled for the sub-systems involved, so Bell
inequality violations are a test of entanglement. For entangled states such as
the one boson Bell state |Ψ−〉 (see [9], Section 2.5)
|Ψ−〉 = 1√
2
(|0〉A ⊗ |1〉B − |1〉A ⊗ |0〉B) (69)
the Bell inequality can be violated for the choice where a1, a2 and b1, b2 are
orthogonal and a1, a2 are parallel to b1−b2, b1+b2 respectively (see [9], Section
5.1). Furthermore, such a quantum state cannot be described via a hidden
variable theory, since Bell inequalities are always satisfied using a hidden variable
theory. Experiments have been carried out in optical systems providing strong
evidence for the existence of quantum states that violate Bell inequalities (see
[15] for references to experiments). Such violation of Bell inequalities is clearly a
non-classical feature, since the experiments rule out hidden variable theory. As
Bell inequalities do not occur for separable states, the experimental observation
of a Bell inequality indicates the presence of an entangled state.
2.8 Non-local Correlations
Another feature of entangled states is that they are associated with strong cor-
relations for observables associated with localised sub-systems that are well-
separated, a particular example being EPR correlations between non-commuting
observables. Entangled states can exhibit this particular non-classical feature,
which again cannot be accounted for via a hidden variable theory.
2.8.1 Hidden Variable Theory
Consider two operators Ω̂A and Ω̂B associated with sub-systems A and B. These
would be Hermitian if observables are involved, but for generality this is not
required. In a hidden variable theory these would be associated with functions
ΩC(ξ) (C = A,B) of the hidden variables ξ, with the Hermitean adjoints Ω̂
†
C
being associated with the complex conjugates Ω∗C(ξ). In hidden variable theory
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correlation functions are given by the following mean values
〈Ω∗A × ΩB〉HV T =
∫
dξ P (ξ)Ω∗A(ξ)ΩB(ξ)
〈Ω∗AΩA × Ω∗BΩB〉HV T =
∫
dξ P (ξ)Ω∗A(ξ)ΩA(ξ) Ω
∗
B(ξ)ΩB(ξ) (70)
satisfy the following correlation inequality
| 〈Ω∗A × ΩB〉HV T |2 ≤ 〈Ω∗AΩA × Ω∗BΩB〉HV T (71)
This result is based on the inequality∫
dξ P (ξ)C(ξ) ≥
(∫
dξ P (ξ)
√
C(ξ)
)2
(72)
for real, positive functions C(ξ), P (ξ) and where
∫
dξ P (ξ) = 1, and which is
proved in Appendix 11. In the present case we haveC(ξ) = Ω∗A(ξ)ΩA(ξ) Ω
∗
B(ξ)ΩB(ξ),
which is real, positive. A violation of the inequality in Eq. (71) is an indication
of strong correlation between sub-systems A and B.
2.8.2 Non-Entangled State Result
It can be shown that the correlation inequalities are always satisfied for non-
entangled states. In quantum theory the correlation functions are given by〈
Ω̂†A ⊗ Ω̂B
〉
= Tr(ρ̂ Ω̂†A ⊗ Ω̂B) and
〈
Ω̂†AΩ̂A ⊗ Ω̂†BΩ̂B
〉
= Tr(ρ̂ Ω̂†AΩ̂B ⊗ Ω̂†BΩ̂B).
For a non-entangled state of sub-systems A and B we have〈
Ω̂†A ⊗ Ω̂B
〉
=
∑
R
PR
〈
Ω̂†A
〉A
R
〈
Ω̂B
〉B
R〈
Ω̂†AΩ̂A ⊗ Ω̂†BΩ̂B
〉
=
∑
R
PR
〈
Ω̂†AΩ̂A
〉A
R
〈
Ω̂†BΩ̂B
〉B
R
(73)
Now
|
〈
Ω̂†A ⊗ Ω̂B
〉
| ≤
∑
R
PR |
〈
Ω̂†A
〉A
R
| |
〈
Ω̂B
〉B
R
| (74)
since the modulus of a sum is always less than the sum of the moduli. Using〈(
Ω̂†C −
〈
Ω̂†C
〉)(
Ω̂C −
〈
Ω̂C
〉)〉
≥ 0 with (C = A,B), we obtain the Schwarz
inequality - which is true for all states -
〈
Ω̂†CΩ̂C
〉
≥
〈
Ω̂†C
〉〈
Ω̂C
〉
= |
〈
Ω̂C
〉
|2 =
|
〈
Ω̂†C
〉
|2, and hence
|
〈
Ω̂†A ⊗ Ω̂B
〉
| ≤
∑
R
PR
√〈
Ω̂†AΩ̂A
〉A
R
√〈
Ω̂†BΩ̂B
〉B
R
(75)
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Next we use the inequality
∑
R
PR CR ≥
(∑
R
PR
√
CR
)2
(76)
for real, positive functions CR, PR and where
∑
R PR = 1. This inequality,
which was used in the paper by Hillery et al [32], is proved in Appendix 11. In
the present case we have CR =
〈
Ω̂†AΩ̂A
〉A
R
〈
Ω̂†BΩ̂B
〉B
R
so that
|
〈
Ω̂†A ⊗ Ω̂B
〉
|2 ≤
∑
R
PR
〈
Ω̂†AΩ̂A
〉A
R
〈
Ω̂†BΩ̂B
〉B
R
=
〈
Ω̂†AΩ̂A ⊗ Ω̂†BΩ̂B
〉
(77)
Thus for a non-entangled state we obtain the correlation inequality
|
〈
Ω̂†A ⊗ Ω̂B
〉
|2 = |
〈
Ω̂A ⊗ Ω̂†B
〉
|2 ≤
〈
Ω̂†AΩ̂A ⊗ Ω̂†BΩ̂B
〉
(78)
where the general result
〈
Ω̂†A ⊗ Ω̂B
〉
=
〈
Ω̂A ⊗ Ω̂†B
〉∗
has been used. Thus
non-entangled states have correlation functions that are consistent with hidden
variable theory.
2.8.3 Weak Correlation Violation and Entanglement
Hence if it is found that the correlation inequality is violated |
〈
Ω̂†A ⊗ Ω̂B
〉
|2 =
|
〈
Ω̂A ⊗ Ω̂†B
〉
|2 >
〈
Ω̂†AΩ̂A ⊗ Ω̂†BΩ̂B
〉
then the state must be entangled, so the
correlation inequality violation is also a test for entanglement. Again entangled
states have features that cannot be explained via hidden variable theory, so
entangled states are clearly non-classical. ..
3 Identical Particles and Entanglement
We now take into account the situation where systems of identical particles
are involved. This requires us to give special consideration to the requirement
that physical states in such cases must conform to the symmetrisation principle
and that the nature of the possible sub-systems must take into account that
entanglement requires the specification of sub-systems that are distinguishable
from each other.
3.0.4 Symmetrisation Principle and Second Quantization
Whether entangled or not the physical states for systems of identical particles
must conform to the symmetrisation principle, whereby the overall density oper-
ator has to be invariant under permutation operators. Problems arise regarding
how to define non-entangled states for systems of identical particles. The basic
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issue is how first to distinguish what are meaningful sub-systems for identical
particle systems. Some authors ([45], [61].. ) consider states of the form
ρ̂ =
∑
R
PR ρ̂
1
R ⊗ ρ̂2R ⊗ ρ̂3R ⊗ ... (79)
to be non-entangled states, where ρ̂iR is a density operator for particle i. However
such a state would not in general be physical, since the symmetrisation principle
would be violated unless the ρ̂iR were related. For example, consider the state
for two identical bosonic atoms given by
ρ̂ = Pσξ σ̂
1 ⊗ ξ̂2 + Pθη θ̂
1 ⊗ η̂2 (80)
and apply the permutation P̂ = P̂ (1 ↔ 2). The invariance of ρ̂ in general
requires σ̂ = ξ̂ and θ̂ = η̂, giving ρ̂ = Pσ σ̂
1 ⊗ σ̂2 + Pθ θ̂
1 ⊗ θ̂2. This is a
statistical mixture of two states, one with both atoms in state σ̂, the other with
atoms in state θ̂. Of course if the atoms were all different (atom 1 a Rb87 atom,
atom 2 a Na23 atom, ..) then the expression (80) would be a valid non-entangled
state, but there the atomic sub-systems are distinguishable and symmetrisation
is not required. What is distinguishable for systems of identical bosons is not the
individual particles themselves - which do not carry labels, boson 1, boson 2, etc.
- but the single particle states ormodes that the bosons may occupy. For bosonic
atoms with several hyperfine components, each component will have its own set
of modes. The same would apply to fermionic atoms. For photons the modes
may be specified via wave vectors and polarisations. Although the quantum
pure states can be specified via symmetrized products of single particle states
occupied by specific particles using a first quantization approach, it is more
convenient to use second quantization. Here, a basis set for the quantum states
of such sub-systems are the Fock states |na〉 (na = 0, 1, 2, ..) etc, which specify
the number of identical particles occupying the mode A, etc., so in this approach
the mode is the sub-system and the Fock states give different physical states for
this sub-system. Symmetrization is built into the definition of the Fock states. If
the atoms were fermions rather than bosons the Pauli exclusion principle would
of course restrict na = 0, 1 only. Thus in this second quantization approach
situations with differing numbers of identical particles are different states, not
different systems. The overall system will be associated with physical states
with density operators and state vectors in Fock space, which includes states
with total numbers of identical particles ranging from zero in the vacuum state
right up to infinity.
3.0.5 Sub-Systems and Modes
The point of view in which the possible sub-systems A, B, etc are modes (or
sets of modes) rather than particles has been adopted by several authors ([12],
[13], [14]), [8], [22], [23] and will be the approach used here. What are or
are not entangled are modes not particles. Overall, the system is a collection
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of modes, not particles. Particles are associated with mode occupancies, and
therefore related to specifying the quantum states of the system, rather than
the system itself. Note that in this approach states where there is only a single
atom may still be entangled states - for example with two spatial modes A,B
the states which are a quantum superposition of the atom in each of these
modes, such as the Bell state (|1a〉 |0b〉+ |0a〉 |1b〉)/
√
2 are entangled states. For
entangled states associated with the EPR paradox or for quantum teleportation,
the mode functions may be localised in well-separated spatial regions - spooky
action at a distance - but spatially overlapping mode functions apply in other
situations. Furthermore, as well as being distinguishable the modes can act
as separate systems, with other modes being ignored. For interacting bosonic
atoms this is much harder to accomplish experimentally than for the case of
photons, where the relatively slow processes in which photons are destroyed in
one EM field mode and created in another may require the presence of atoms as
intermediaries. Two bosonic atoms in one mode may collide rapidly disappear
into other modes. However, atomic boson interactions can be made very small
via Feshbach resonance methods. Near absolute zero the basic physics of a BEC
in a single trap potential is describable via a one mode theory. Hence with A,
B, .. signifying distinct modes, the general non-entangled state is given in Eq.
(3) though the present paper mainly involves only two modes.
It is useful to clarify the meaning of entanglement used in the present paper
via a simple example. Consider a situation in which there are two distinct single
particle states (modes) designated as |u〉 and |v〉. These states are chosen to be
orthogonal. We consider a system with N = 2 particles, which may be identical
and are labeled 1 and 2, or they may be distinguishable and labeled α and β.
For the case of the identical particles we consider pure states for two bosons
and for two fermions, which are written in terms of first quantization as
|Ψ〉boson =
1√
2
(|u(1)〉 ⊗ |v(2)〉+ |v(1)〉 ⊗ |u(2)〉) (81)
|Ψ〉fermion =
1√
2
(|u(1)〉 ⊗ |v(2)〉 − |v(1)〉 ⊗ |u(2)〉) (82)
and clearly satisfy the symmetrization principle. The question is: are these
entangled states? They certainly look entangled because both are sums of the
products of two state vectors. In the textbook by Peres ([6], see pp126-128)
it is stated that ”two particles of the same type are always entangled”. Peres
obviously considers such entanglement is a result of symmetrization. However,
noting that there is only one typre of particle involved and there are two modes
that can be occupied, in second quantization the state in both the fermion and
boson cases is
|Ψ〉 = |1〉u ⊗ |1〉v (83)
which is a separable state for modes u, v, and not a (mode) entangled state.
On the other hand, the boson state (|u(1)〉 ⊗ |u(2)〉+ |v(1)〉 ⊗ |v(2)〉)/√2 is an
entangled state, written in second quantization as (|2〉u⊗|0〉v+ |0〉u⊗|2〉v)/
√
2.
There is no analogous state for fermions due to the Pauli principle.
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Now consider the case where the particles are distinguishable Pure states
analogous to the previous ones are given in first quantization as
|Ψ〉 = 1√
2
(|u(α)〉 ⊗ |v(β)〉 ± |v(α)〉 ⊗ |u(β)〉) (84)
which are not required to satisfy the symmetrization principle since the particles
are not identical. Each may be either a boson or a fermion. The question is:
are these entangled states? Noting that for each particle there are two modes
that could be occupied, in second quantization the state would be written as
|Ψ〉 = 1√
2
((|1〉u⊗ |0〉v)α⊗ (|0〉u⊗ |1〉v)β ± (|0〉u⊗ |1〉v)α⊗ (|1〉u⊗ |0〉v)β) (85)
These are both entangled states.
It is worth noting that these examples illustrate the general point that just
the mathematical form of the state vector or the density operator alone is not
enough to determine whether a separable or an entangled state is involved. The
meaning of the factors involved also has to be taken into account. Failure to
realise this may lead to states being regarded as separable which should not be
(see SubSection 3.3 for further examples). In the case just presented involving a
system with two particles, the quantities |u(1)〉 or |v(2)〉 do not specify valid sub-
system states when the particles are identical, so the forms given by (81) and (82)
do not represent entangled states. On the other hand, the quantities |u(α)〉 or
|v(β)〉 do specify valid sub-system states when the particles are distinguishable,
so the forms given by (84) do represent entangled states.
The approach of Wiseman et al [20] to defining an entanglement measure in
the case of identical particle systems seems to be completely compatible with the
entanglement definition used in the present paper. The identical particles are di-
vided between two observers A and B, and a general N particle normalised pure
state |ΨAB〉 for the overall system is considered. A so-called entropy of parti-
cle entanglement is defined via the expression EP (|ΨAB〉) =
∑
n
PnEM (
∣∣∣Ψ(n)AB〉),
where
∣∣∣Ψ(n)AB〉 = Π̂n |ΨAB〉 (un-normalised) is the state |ΨAB〉 projected onto
the sub-space where there are n identical particles associated with A and N −n
with B. Pn is the probability that there will be n particles associated with A,
given by Pn = Tr(Π̂n |ΨAB〉 〈ΨAB|). The (mode) entropy for the state
∣∣∣Ψ(n)AB〉
is EM (
∣∣∣Ψ(n)AB〉) = S(ρ̂nA) where S(ρ̂) = −Tr(ρ̂ log2 ρ̂) is the von Neumann en-
tropy and ρ̂nA = TrB(
∣∣∣Ψ(n)AB〉〈Ψ(n)AB∣∣∣)/〈Ψ(n)AB |Ψ(n)AB〉 is the density operator for
A when the system is in state
∣∣∣Ψ(n)AB〉. In the case considered by Wiseman
et al, A and B really refer to two sub-systems (Alice and Bob’s collections
of qubits) each of which consists of a number of modes. Entanglement there-
fore deals with two sub-systems that are themselves collections of modes. If
in the present approach we restrict ourselves to pure N particle states, then
the possible separable states consistent with our local particle number SSR
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requirement are just product states of the form
∣∣∣Φ(n)A 〉 ⊗ ∣∣∣Φ(N−n)B 〉. where∣∣∣Φ(n)A 〉 is a normalised n particle state for sub-system A and ∣∣∣Φ(N−n)B 〉 is a nor-
malised N − n particle state for sub-system B. For such a separable state of
sub-systems A and B Π̂n(
∣∣∣Φ(n)A 〉 ⊗ ∣∣∣Φ(N−n)B 〉) = ∣∣∣Φ(n)A 〉 ⊗ ∣∣∣Φ(N−n)B 〉, Pn = 1,
EM (
∣∣∣Ψ(n)AB〉) = 0 so the entropy of particle entanglement is zero, as would
be expected. The most general pure state could always be written in terms
of orthonormal states as
∑
n
∑
i,j
Cnij
∣∣∣Φ(n)Ai 〉 ⊗ ∣∣∣Φ(N−n)Bj 〉, and in our terms this
is an entangled state of sub-systems A and B if more than one Cnij is non-
zero. We see that
∣∣∣Ψ(n)AB〉 = ∑
i,j
Cnij
∣∣∣Φ(n)Ai 〉 ⊗ ∣∣∣Φ(N−n)Bj 〉, Pn = ∑
i,j
∣∣Cnij∣∣2 ≤ 1,
ρ̂nA = (
∑
i,k
∑
Cnij (C
n
kj)
∗
∣∣∣Φ(n)Ai 〉〈Φ(n)Ak ∣∣∣)/Pn. If more than one Cnij is non-zero the
entropy of particle entanglement is non-zero, so Wiseman et al would regard this
general state as entangled, just as we do. In this paper no quantitative mea-
sure of entanglement has been specifically proposed, so the entropy of particle
entanglement proposed by Wiseman et al [20] is consistent with our work.
Note however that a different concept of entanglement - particle entangle-
ment - has also been applied to identical particle systems [48]. This is not the
same as mode entanglement so tests and measures for particle entanglement will
differ from those for mode entanglement. For completeness a brief description
highlighting the difference between mode and particle entanglement is presented
in Appendix 12. A further discussion about the distinction is given in [19].
3.0.6 Multi-Mode Sub-Systems
As well as the simple case where the sub-systems are all individual modes, the
concept of entanglement may be extended to situations where the sub-systems
are sets of modes, rather than individual modes, In this case entanglement or
non-entanglement will be of these distinct sets of modes. Such a case in con-
sidered in Subsection 6.3, where pairs of modes associated with distinct lattice
sites are considered as the sub-systems. Another example is treated in He et al
[62], which involves a double well potential with each well associated with two
bosonic modes, these pairs of modes being the two sub-systems. Entanglement
criteria for the mode pairs based on local spin operators associated with each
potential well are considered (sse SubSection 6.6). A further example is treated
by Heaney et al [63], again involving four modes associated with a double well
potential. As in the previous example, each mode pair is associated with the
same well in the potential, but here a Bell entanglement test was obtained for
pairs of modes in the different wells. The concept of entanglement of sets of
modes is a straightforward extension of the basic concept of entanglement of
individual modes.
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3.1 Super-Selection Rule
As well as the symmetrisation principle there is a further requirement that
systems of identical particles must satisfy known as super-selection rules. These
rules restrict the physical states of such systems to those in which the coherences
between states with differing numbers of particles are zero. This applies at the
global level for the overall physical state, but also - as will be discussed in a later
sub-section - to the sub-system states involved in the definition of separable or
non-entangled states. The justfication of the SSR at both the global and local
level will be considered both in terms of simple physics arguements and in
terms of reference frames. Examples of SSR and non-SSR compliant states will
be given, both for overall states and for separable states. The validity of the
SSR for the case of massive bosons or fermions is generally accepted, but in the
case of photons there is doubt regarding their applcability -as will be discussed
below.
3.1.1 Global Particle Number SSR
The question of what physical states - entangled or not - are possible in the
non-relativistic quantum physics of a system of identical bosonic particles - such
as bosonic atoms or photons - has been the subject of much discussion. Whether
entangled or not it is generally accepted that there is a super-selection rule that
prohibits quantum superposition states of the form
|Φ〉 =
∞∑
N=0
CN |N〉 ρ̂ =
∞∑
N=0
|CN |2 |N〉 〈N |+
∞∑
N=0
∞∑
M=0
(1−δN,M )CN C∗M |N〉 〈M |
(86)
being physical states when they involve Fock states |N〉 with differing total
numbers N of particles. The density operator for such a state would involve
coherences between states with differing N . Although such superpositions -
such as the Glauber coherent state |α〉, where CN = exp(−|α|2/2)αN/
√
N ! - do
have a useful mathematical role, they do not represent actual physical states
according to the super-selection rule. The papers by Sanders et al [39] and
Cable et al [64] are examples of applying the SSR for optical fields, but also
using the mathematical features of coherent states to treat phenomena such as
interference between independent lasers. The super-selection rule indicates that
the most general physical state for a system of identical bosonic particles can
only be of the form
ρ̂ =
∞∑
N=0
∑
Φ
PΦN (|ΦN 〉 〈ΦN |)
|ΦN 〉 =
∑
i
CNi |N i〉 (87)
where |ΦN 〉 is a quantum superposition of states |N i〉 each of which involves
exactly N particles, and where different states with the same N are designated
as |N i〉. This state ρ̂ is a statistical mixture of states, each of which contains
a specific number of particles. Such a SSR is referred to as a global SSR, as it
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applies to the system as a whole. Mathematically, the global particle number
SSR can be expressed as
[N̂ , ρ̂] = 0 (88)
where N̂ is the total number operator.
3.1.2 Examples of Global Particle Number SSR Compliant States
Examples of a state vector |ΦN 〉 for an entangled pure state [13] and a density
operator ρ̂ for a non-entangled mixed [65] state for a two mode bosonic system,
both of which are possible physical states are
|ΦN 〉 =
N∑
k=0
C(N, k) |k〉A ⊗ |N − k〉B (89)
ρ̂ =
N∑
k=0
P (k) |k〉A 〈k|A ⊗ |N − k〉B 〈N − k|B (90)
The entangled pure state is a superposition of product states with k bosons
in mode A and the remaining N − k bosons in mode B. Every term in the
superposition is associated with the same total boson number N . The non-
entangled mixed state is a statistical mixture of product states also with k
bosons in mode A and the remaining N − k bosons in mode B. Every term in
the statistical mixture is associated with the same total boson number N . For
the case of a two mode fermionic system the Pauli exclusion principle restricts
the number of possible fermions to two, with at most one fermion in each mode.
Expressions for a state with exactly N = 2 fermions are
|Φ2〉 = |1〉A ⊗ |1〉B (91)
ρ̂ = |1〉A 〈1|A ⊗ |1〉B 〈1|B (92)
Neither state is entangled and both are the same pure state since ρ̂ = |Φ2〉 〈Φ2|.
Although the super-selection rules and symmetrisation principle also applies
to fermions, as indicated in the Introduction this paper is focused on bosonic
systems, and it will be assumed that the modes are bosonic unless indicated
otherwise.
The Bell states for N = 2 bosons provide important examples of four mode
pure quantum states that are compliant with the global particle number SSR.
The modes are designated A+, A−, B+, B− and the Fock states are in general
|nA+, nA−, nB+, nB−, 〉. The Bell states may be written
|Ψsin glet〉 = 1√
2
(|1, 0, 0, 1〉 − |0, 1, 1, 0〉) ≡ 1√
2
(|A+〉 ⊗ |B−〉 − |A−〉 ⊗ |B〉)
|Ψtriplet,+1〉 = |1, 0, 1, 0〉 ≡ |A+〉 ⊗ |B+〉
|Ψtriplet,0〉 = 1√
2
(|1, 0, 0, 1〉+ |0, 1, 1, 0〉) ≡ 1√
2
(|A+〉 ⊗ |B−〉+ |A−〉 ⊗ |B〉)
|Ψtriplet,−1〉 = |0, 1, 0, 1〉 ≡ |A−〉 ⊗ |B−〉 (93)
where the second forms may be more familiar. Of these states |Ψsin glet〉 and
|Ψtriplet,0〉 are entangled, whilst |Ψtriplet,+1〉 and |Ψtriplet,−1〉 are separable.
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3.1.3 Super-Selection Rules and Conservation Laws
It is important to realise that such super-selection rules are additional con-
straints to those imposed by conservation laws. For example, the conservation
law on total particle number only leads to the requirement on the superposition
state |Φ〉 that the |CN |2 are time independent, it does not require only one CN
being non-zero. Super-selection rules are broad in their scope, forbidding quan-
tum superpositions of states of systems with differing charge, differing baryon
number and differing statistics. Thus a combined system of a hydrogen atom
and a helium ion does not exist in quantum states that are linear combina-
tions of hydrogen atom states and helium ion states - the super-selection rules
on both charge and baryon number preclude such states. The basis physical
states for such a combined system would involve symmetrised tensor products
of hydrogen atom and helium ion states, not linear combinations - symmetri-
sation being required because the system contains two identical electrons. On
the other hand, super-selection rules do not prohibit quantum superpositions of
states of systems with differing energy, angular or linear momenta - other phys-
ical quantities that may also be conserved. Thus in a hydrogen atom quantum
superpositions of states with differing energy and angular momentum quantum
numbers are allowed physical states.
3.1.4 SSR Justification and No Suitable Phase Reference
There are two types of justification for applying the super-selection rules for sys-
tems of identical particles. The first approach is based on simple considerations
and will be outlined below in this subsection. The second approach [37], [38],
[39], [40], [41], [42], [31], [34], [35], [17] is more sophisticated and involves linking
the absence or presence of SSR to whether or not there is a suitable reference
frame in terms of which the quantum state is described, and is outlined in the
next subsection and Appendix 13. The key idea is that SSR are a consequence of
considering the description of a quantum state by an external observer (Charlie)
whose phase reference frame has an unknown phase difference from that of an
observer ((Alice) more closely linked to the system being studied. Thus, whilst
Alice’s description of the quantum state may violate the SSR, the description
of the same quantum state by Charlie will not. In the main part of this paper
the density operator ρ̂ used to describe the various quantum states will be that
of the external observer (Charlie).
3.1.5 SSR Justication and Physics Considerations
A number of straightforward reasons have been given in the Introduction for
why it is appropriate to apply the superselection rule to exclude quantum su-
perposition states of the form (86) as physical states for systems of identical
particles, and these will now be considered in more detail.
Firstly, no way is known for creating such states. The Hamiltonian for such a
system commutes with the total boson number operator, resulting in the |CN |2
remaining constant, so the quantum superposition state would need to have
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existed initially. In the simplest case of non-interacting bosonic atoms, the Fock
states are also energy eigenstates, such Fock states involve total energies that
differ by energies of order the rest mass energy mc2, so a coherent superposition
of states with such widely differing energies would at least seem unlikely in
a non-relativistic theory, though for massless photons this would not be an
issue as the energy differences are of order the photon energy ~ω. The more
important question is: Is there a non-relativistic quantum process could lead to
the creation of such a state? Processes such as the dissociation of M diatomic
molecules into up to 2M bosonic atoms under Hamiltonian evolution involve
entangled atom-molecule states of the form
|Φ〉 =
M∑
m=0
Cm |M −m〉mol ⊗ |2m〉atom (94)
but the reduced density operator for the bosonic atoms is
ρ̂atoms =
M∑
m=0
|Cm|2 (|2m〉 〈2m|)atom (95)
which is a statistical mixture of states with differing atom numbers with no
coherence terms between such states. Such statistical mixtures are valid physical
states, corresponding to a lack of a priori knowledge of how many atoms have
been produced. To obtain a quantum superposition state for the atoms alone,
the atom-molecule state vector would need to evolve at some time into the form
|Φ〉 =
M∑
m=0
Bm |M −m〉mol ⊗
M∑
n=0
A2n |2n〉atom (96)
where the separate atomic system is in the required quantum superposition
state. However if such a state existed there would be terms with at least one
non-zero coefficient BmA2n involving product states |M −m〉mol ⊗ |2n〉atom
with n 6= m if the state |Φ〉 is not just in the entangled form (94). However,
the presence of such a term would mean that the conservation law involving the
number of molecules plus two times the number of atoms was violated. This is
impossible, so such an evolution is not allowed.
Secondly, no way is known for measuring all the properties of such states,
even if they existed. If a state such as (86) did exist then the amplitudes CN
would oscillate with frequencies that differ by relativistic frequencies of order
mc2/~, even if boson-boson interactions were included To distinguish the phases
of the CN in order to verify the existence of the state, measurement operators
would need to include terms that also oscillate at relativistic frequencies, and
no such measurement operators are known.
Thirdly, there is no need to invoke the existence of such states in order to un-
derstand coherence and interference effects..It is sometimes thought that states
involving quantum superpositions of number states are needed for discussing
coherence and interference properties of BECs, and some papers describe the
state via the Glauber coherent states. However, as Leggett [66] has pointed out
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(see also Bach et al [67], Dalton and Ghanbari [68]), a highly occupied number
state for a single mode with N bosons has coherence properties of high order n,
as long as n≪ N . The introduction of a Glauber coherent state is not required
to account for coherence effects. Even the well-known presence of spatial inter-
ference patterns produced when two independent BECs are overlapped can be
accounted for via treating the BECs as Fock states. The interference pattern is
built up as a result of successive boson position measurements [69], [39], [64].
Fourthly, the stability of such states against decoherence processes may not
be great, so even if they could be created, they could rapidly change to other
states. However, decoherence time scales that are not too short would be ac-
ceptable. Although BECs are created in high vacuum experiments and are well
isolated from the external environment in magnetic or dipole traps, they are not
entirely free from decoherence effects because the bosons do interact with each
other. Even in a single mode case boson-boson collisions can cause dephasing
effects. These could be shown via the decay of the coherence 〈â〉. However,
it may turn out that the lifetime of a coherent state in a single mode BEC is
quite long - in the case of photons the lifetime could be as long as the inverse
Townes-Schawlow line width, perhaps of order 103s (see below). If a coherent
superposition state could be created with a non-zero coherence, this may last
long enough to carry out further experiments, so this fourth reason for dis-
carding coherent superposition states is relatively unimportant though further
studies of their lifetimes would be of some theoretical interest. .
3.1.6 SSRJustification and Galilean Frames ?
Finally, in addition to the previous reasons there is an arguement based on the
requirement that the dynamical equations for such non-relativistic quantum sys-
tems should be invariant under a Galilean transformation which has been pro-
posed [70] as a proof of the super-selection rule for atom number. This approach
is linked to the reference frame based justification of SSR (see Appendix 13).
However, whilst the paper shows that under a Galilean transformation - corre-
sponding to describing the system from the point of view of an observer moving
with a constant velocity v with respect to the original observer, and where the
two observers have identical clocks - the terms in a superposition state with dif-
ferent numbers N of massive bosons would oscillate like exp i
(
1
2Nmv
2t
)
/~, and
may be expected if the same quantum state is described by a moving observer.
This feature alone does not seem to require the super-selection rule, since here
the moving observer’s reference frame has a well-defined velocity with respect
to that attached to the system. However, the moving observer’s reference frame
may actually have an unknown relative velocity, in which case a twirling oper-
ation resulting in the elimination of number state coherences could be involved
(see Appendix 13). This will be not be considered further at this stage.
On the other hand, an approach of this kind involving rotation symmetry
would seem to rule out such states as quantum superpositions of a boson (spin
0) and a fermion.(spin 1/2). Let such a state be prepared in the form (|F 〉 +
|B〉)/√2.Consider an observer whose cartesian reference frame is X,Y, Z. This
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is a classical system that can be rotated in space. If the observer rotates with
his frame through 2π about any axis they are then back in the same position,
but the observer now sees the state as (− |F 〉+|B〉)/√2. This state is apparently
orthogonal to the one observed before the rotation, and this is paradoxical since
the observer would be in the same position. Thus there is a super-selection rule
excluding states such as (|F 〉+ |B〉)/√2. A similar argument based on the time
reversal anti-unitary operator was given by Wick et al [30].
3.1.7 SSR and Photons
Though this paper is focused on massive bosonic atoms the question is whether
similar considerations also apply to the optical quantum EM field, which involve
massless bosons - photons. Here the situation is not so clear.
In the case of photons, Molmer [71] has argued that the physical state for a
single mode optical laser field operating well above threshold is not a Glauber
coherent state, and the density operator would be a statistical mixture of the
form (87), with |ΦN 〉 = |N〉 and PΦN = exp(−N)NN/N !. Here the density op-
erator is a statistical mixture of photon number states with Poisson distribution,
or equivalently a statistical mixture of coherent states |α〉 with α =
√
N exp(iφ)
and all phases φ having equal probability. Some of the same general reasons
for applying the super-selection rule to systems of identical massive bosons also
apply here, though the details differ. For the free quantum EM field there is
a conservation law for the photon number in each mode, so in this case again
|CN |2 would be time independent. However, for photons the CN would oscillate
with frequencies that only differ by non-relativistic frequencies of order ~ω, so
the arguement against coherent states based on this feature do not apply. In
terms of preparing states, in the case of the single mode optical laser the field is
generated via interactions with incoherently pumped atoms, there is no well de-
fined optical phase that can be imposed on the process, and the quantum theory
for such laser processes predicts a quantum state that is a statistical mixture of
photon number states. In the case of the optical laser field coherent states are
not physical unless there are optical reference fields with a well-defined phase
that could be used to determine the phases associated with the expansion coeffi-
cients. This may now becoming possible with the development of atomic clocks
based on optical atomic transitions that may supercede atomic clocks based on
atomic transitions at microwave frequencies. Optical interference and coher-
ence effects can also be explained without invoking Glauber coherent states, as
[71] and others such as [39] have shown. However, if coherent states could be
created they might be relatively stable. In the optical laser field case, phase
loss via diffusion is related to the laser linewidth, and this can be reduced to
the Townes-Schawlow limit that varies inversely as the mean photon number
- which is large. The Townes-Schawlow linewidth can be as small as 10−3 hz,
corresponding to a phase diffusion time of 103 s. An alternative approach is
presented by Wiseman et al [72], [73], in which the optical laser is treated via
a master equation, but where monitoring of the laser environment (difficult!)
is required to determine whether certain pure state ensembles - such as those
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involving coherent states - are physically realisable. The conclusion reached is
that for finite self energy the coherent state ensemble is not physically realisable,
the closest ensemble being that involving squeezed states, though for zero self
energy coherent state ensembles are obtained.
Another approach to the question (see next sub-section and SubSection 13.4
in Appendix 13) involves the consideration of phase reference frames. The
quantum state of a single mode laser may be described as a Glauber coherent
state by an observer (Alice) with one reference frame, but would be described
as a statistical mixture of photon number states by another observer (Charlie)
with a different reference frame whose phase reference is completely unrelated
to the previous one. However, this arguement against the presence of coherent
state in Charlie’s viewpoint would be overcome if phase references at optical
frequencies are developed.
3.2 Reference Frames and Violations of Superselection Rules
Challenges to the requirement for physical states to be consistent with super-
selection rules have occured since the 1960’s when Aharonov and Susskind [37]
suggested that coherent superpositions of different charge eigenstates could be
created. It is argued that super-selection rules are not a fundamental require-
ment of quantum theory, but the restrictions involved could be lifted if there is
a suitable system that acts as a reference for the coherences involved - [37], [38],
[39], [40], [41], [42], [31], [34], [35], [17] provide discussions regarding reference
systems and SSR.
3.2.1 Linking SSR and Reference Frames
The discussion of the super-selection rule issue in terms of reference systems is
quite complex and too lengthy to be covered in the body of this paper. However,
in view of the wide use of the reference frame approach a full outline is presented
in Appendix 13. The key idea is that there are two observers - Alice and Charlie
- who are describing the same quantum state in terms of their own reference
systems. The reference systems are macroscopic systems in states where the
behaviour is essentially classical, such as large magnets that can be used to
define cartesian axes or BEC in Glauber coherent states that are introduced to
define a phase reference. The relationship between the two reference systems
is represented by a group of unitary transformation operators listed as T̂ (g),
where the particular transformation (translation or rotation of cartesian axes,
phase change of phase references, ..) that changes Alice’s reference system
into Charlie’s is denoted by g. Alice is the internal observer, closely linked
to the system under study and describes the quantum state via her density
operator, whereas Charlie is the external observer whose specification of the
same quantum state via his density operator is of most interest. There are
two cases of importance, Situation A - where the relationship between Alice’s
and Charlie’s reference frame is is known and specified by a single parameter g,
and Situation B - where on the other hand the relationship between frames is
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completely unknown, all possible transformations g must be given equal weight.
Situation A is not associated with SSR, whereas Situation B leads to SSR. The
relationship between Alice’s and Charlie’s density operators is given in terms
of the transformation operators (see Eq. (277) for Situation A and Eq. (278)
for Situation B). In Situation B there is often a qualitative change between
Alice’s and Charlie’s description of the same quantum state, with pure states
as described by Alice becoming mixed states when described by Charlie. It is
Situation B with the U(1) transformation group - for which number operators
are the generators - that is of interest for the single or multi-mode systems
involving identical bosons on which the present paper focuses. An example of the
qualitative change of behaviour for the single mode case is that if it is assumed
that Alice could prepare the system in a Glauber coherent pure state - which
involves SSR breaking coherences between differing number states - then Charlie
would describe the same state as a Poisson statistical mixture of number states -
which is consistent with the operation of the SSR. Thus the SSR applies in terms
of external observer Charlie’s description of the state. This is how the dispute
on whether the state for single mode laser is a coherent state or a statistical
mixture is resolved - the two descriptions apply to different observers - Alice
and Charlie. On the other hand there are quantum states such as Fock states
and Bell states which are described the same way by both Alice and Charlie,
even in Situation B. The general justification of the SSR for Charlie’s density
operator description of the quantum state in Situation B is derived in terms
of the irreducible representations of the transformation group, there being no
coherences between states associated with differing irreducible representations
(see Eq. (302)). For the particular case of the U(1) transformation group the
irreducible representations are associated with the total boson number for the
system or sub-system, hence the SSR that prohibits coherences between states
where this number differs. Finally, it is seen that if Alice describes a general non-
entangled state of sub-systems - which being separable have their own reference
frames - then Charlie will also describe the state as a non-entangled state and
with the same probability for each product state (see Eqs. (307) and (308)).
For systems involving identical bosons Charlie’s description of the sub-system
density operators will only involve density operators that conform to the SSR.
This is in accord with the key idea of the present paper.
3.2.2 Coherent Superposition of Atom and Molecule ?
Based around the reference frame approach Dowling et al [74] and Terra Cunha
et al [14] propose processes using a BEC as a reference system that would create
a coherent superposition of an atom and a molecule, or a boson and a fermion
[74]. Dunningham et al [75] consider a scheme for observing a superposition of a
one boson state and the vacuum state. Obviously if super-selection rules can be
overcome in these instances, it might be possible to produce coherent superpo-
sitions of Fock states with differing particle numbers such as Glauber coherent
states, though states with N ˜ 108 would presumably be difficult to produce.
However, detailed considerations of such papers indicate that the states actually
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produced in terms of Charlie’s description are statistical mixtures consistent
with the super-selection rules rather than coherent superpositions, which are
only present in Alice’s description of the state. Also, although coherence and
interference effects are demonstrated, these can also be accounted for without
invoking the presence of coherent superpositions that violate the super-selection
rule. As the paper by Dowling et al [74] entitled ”Observing a coherent superpo-
sition of an atom and a molecule.” is a good example of where the super-selection
rules are challenged, the key points are described in Appendix 14. Essentially
the process involves one atom A interacting with a BEC of different atoms B
leading to the creation of one molecule AB, with the BEC being depleted by
one B atom. There are three stages in the process, the first being with the
interaction that turns separate atoms A and B into the molecule AB turned
on at Feshbach resonance for a time t related to the interaction strength and
the mean number of bosons in the BEC reference system, the second being free
evolution at large Feshbach detuning ∆ for a time τ leading to a phase factor
φ = ∆ τ , the third being again with the interaction turned on at Feshbach res-
onance for a further time t. However, it is pointed out in Appendix 14 that
Charlie’s description of the state produced for the atom plus molecule system
is merely a statistical mixture of a state with one atom and no molecules and
a state with no atom and one molecule, the mixture coefficients depending on
the phase φ imparted during the process. However a coherent superposition is
seen in Alice’s description of the final state, though this is not surprising since a
SSR violating initial state was assumed. The feature that in Charlie’s descrip-
tion of the final state no coherent superposition of an atom and a molecule is
produced in the process is not really surprising, because of the averaging over
phase differences in going from Alice’s reference frame to Charlie’s. It is the
dependence on the phase φ imparted during the process that demonstates co-
herence (Ramsey interferometry) effects, but it is shown in Appendix 14 that
exactly the same results can be obtained via a treatment in which states which
are coherent superpositions of an atom and a molecules are never present, the
initial BEC state being chosen as a Fock state. In terms of the description by
an external observer (Charlie) the claim of violating the super-selection rule has
not been demonstrated via this particular process.
3.2.3 Detection of SSR Violating States
Whether such super-selection rule violating states can be detected has also not
been justified. For example, consider the state given by a superposition of a
one boson state and the vacuum state (as discussed in [75]). We consider an
interferometric process in which one mode A for a two mode BEC interferometer
is initially in the state α |0〉+β |1〉, and the other mode B is initially in the state
|0〉 - thus |Ψ(i)〉 = (α |0〉+β |1〉)A⊗|0〉B in the usual occupancy number notation,
where |α|2 + |β|2 = 1. The modes are first coupled by a beam splitter, then a
free evolution stage occurs for time τ associated with a phase difference φ = ∆τ
(where ∆ = ωB − ωA is the mode frquency difference), the modes are then
coupled again by the beam splitter and the probability of an atom being found
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in modes A, B finally being measured. The probabilities of finding one atom in
modes A, B respectively are found to only depend on |β|2 and φ. Details are
given in Appendix 14. There is no dependence on the relative phase between
α and β, as would be required if the superposition state α |0〉 + β |1〉 is to be
specified. Exactly the same detection probabilities are obtained if the initial
state is the mixed state ρ̂(i) = |α|2(|0〉A 〈0|A ⊗ |0〉B 〈0|B) + |β|2(|1〉A 〈1|A ⊗
|0〉B 〈0|B), in which the vacuum state for mode A occurs with a probability
|α|2 and the one boson state for mode A occurs with a probability |β|2. In this
example the proposed coherent superposition associated with the super-selection
rule violating state would not be detected in this interferometric process, nor in
the more elaborate scheme discussed in [75].
3.3 Super-Selection Rule - Separate Sub-Systems
In this sub-section the important case of SSR in separable states will be dealt
with, since this is key to understanding what entangled states are allowed in
systems involving identical particles.
3.3.1 Local Particle Number SSR
We now consider the role of the super-selection rule for the case of non-entangled
states. The global super-selection rule on total particle number has restricted
the physical quantum state for a system of identical bosons to be of the form
(87). Such states may or may not be entangled states of the modes involved.
The question is - do similar restrictions involving the sub-system particle number
apply to the modes, considered as separate sub-systems in the definition of non-
entangled states ? The viewpoint in this paper is that this is so. Note that
applying the SSR on the separate sub-system density operators ρ̂AR, ρ̂
B
R , .. is
only in the context of non-entangled states. Such a SSR is referred to as a local
SSR, as it applies to each of the separate sub-systems. Mathematically, the
local particle number SSR can be expressed as
[N̂X , ρ̂
X
R ] = 0 (97)
where N̂X is the number operator for sub-system X = A,B, ...The SSR re-
striction is based on the proposition that the density operators ρ̂AR, ρ̂
B
R , .. for
the separate sub-systems A, B, ..should themselves represent possible physical
states for each of the sub-systems, considered as a separate system and thus be
required to satisfy the super-selection rule that forbids quantum superpositions
of Fock states with differing boson numbers. It is contended that expressions
for the non-entangled quantum state ρ̂ in which ρ̂AR, ρ̂
B
R , ρ̂
C
R.. were not physical
states for the sub-systems would only be of mathematical interest.
Applying the local particle number SSR to the sub-system density operators
for non-entangled states is discussed in papers by Bartlett et al [25], [31] as one
of several operational approaches for defining entangled states. However, other
authors such as [28], [29] state on the contrary that states when the sub-system
density operators do not conform to the local particle number super-selection
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rule are still separable, others such as [32], [33] do so by implication, so in this
paper we are advocating a revision to the widely held notion of entanglement
in identical particle systems,.the consequence being that the set of entangled
states is now much larger. This is a key idea in this paper - not only should
super-selection rules on particle numbers be applied to the the overall physical
state, entangled or not, but it also should be applied to the density operators
that describe states of the modal sub-systems involved in the general definition
of non-entangled states. The reasons for adopting this viewpoint are set out
below. Apart from the papers by Bartlett et al [25], [31] we are not aware that
this definition of non-entangled states has been invoked previously, indeed the
opposite approach has been proposed [28], [29]. However, the idea of considering
whether sub-system states should satisfy the local particle number SSR has
been presented in several papers - [28], [29], [25], [31], [34], [35], [36], mainly
in the context of pure states for bosonic systems, though in these papers the
focus is on issues other than the definition of entanglement - such as quantum
communication protocols [28], multicopy distillation [25], mechanical work and
accessible entanglement [34], [35] and Bell inequality violation [36]. However,
there are a number of papers that do not apply the SSR to the sub-system
density operators, and those that do have not studied the consequences for
various entanglement tests - as is done in the present paper.
3.3.2 Local SSR Justification and Independent Local Phase Refer-
ences
The more elaborate justification in terms of reference frames for this SSR re-
quirement on non-entangled states is presented in SubSection 13.9 of Appendix
13. Essentially the idea is that in the context of separable states, each sub-
system has its own independent phase reference frames, and those of Charlie
having an unknown phase in relation to those of Alice. This leads to the local
particle number SSR.
3.3.3 Local SSR Justication and Physics Considerations
The more simple reasons for this assertion are analogous to those for the overall
multi-mode system and may be summarised as: absence of both a preparation
process and a measurement process for such states, the lack of need of such states
to describe single mode interference and coherence effects. Such superposition
states may also be unstable, though again this is not a fatal problem.
Firstly, sub-system states incompatible with the SSR cannot be prepared.
Consider for example a typical preparation process. For the situation of two
modes A,B physically allowed pure states |ΦN 〉 could be prepared which in
general are entangled states of the form
|ΦN 〉 =
N∑
k=0
ANk |k〉A |N − k〉B (98)
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so that the general mixed physical state for the two mode system is
ρ̂ =
∞∑
N=0
∑
Φ
PΦN
N∑
k=0
N∑
l=0
ANk (A
N
l )
∗ |k〉A 〈l|A ⊗ |N − k〉B 〈N − l|B (99)
Hence the reduced density operator - which specifies the state for mode A if
measurements on this mode were carried out and measurements on other modes
discarded - will be given by
ρ̂A =
∞∑
N=0
∑
Φ
PΦN
N∑
k=0
ANk (A
N
k )
∗ |k〉A 〈k|A (100)
which is a statistical mixture of Fock states |k〉A. Thus the quantum state
for mode A considered separately contains no superposition of states |k〉A with
differing numbers of bosons occupying mode A. As in the example considered in
the previous section, the evolution of |ΦN 〉 into a tensor product of superposition
states for modes A and B of the form
|ΦN 〉 =
N∑
k=0
CNk |k〉A ⊗
N∑
k=0
DNk |N − k〉B (101)
is not possible. The preparation of the state for mode A must have involved first
preparing a physical state for the full multi-mode system - for which the two
mode state in Eq. (99) is a specific example - from which the state associated
with a particular mode is then determined as given by the reduced density
operator. As illustrated by the example just given, the super-selection rule on
the total number of identical bosons for the overall system produces a reduced
density operator for the sub-system in which the super-selection rule for boson
number also applies - that is the state for the sub-system does not involve
quantum superpositions of mode Fock states with differing boson numbers, it
only can involve statistical mixtures of such states.
Secondly, measurement processes may be applied to each separate mode
and again the lack of measurement systems with well defined relativistic phases
would preclude measurements that determine the rapidly varying phase dif-
ferences between the expansion coefficients.in single mode state vectors of the
form |ΦA〉 =
∞∑
n=0
Cn |n〉A. Invoking the existence of states whose key properties
cannot be measured is somewhat dubious.
Thirdly, experimental setups involving single mode BECs and optical sys-
tems can be created and yet there is no need to invoke coherent superpositions of
number states to explain coherence and interferometric effects. Thus essentially
the same reasons that justify applying the super-selection rule to the overall
many boson system also apply to the separate mode sub-systems.
3.3.4 Local SSR Justification and Joint Measurements
A consideration of joint measurements on all the sub-systems leads to other
fundamental reasons why the individual density operators ρ̂AR, ρ̂
B
R , .in the spe-
cific situation of the general mixed non-entangled state given in Eq. (3) must
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represent physical states for the sub-systems. This state is a statistical mixture
of product states ρ̂AR⊗ ρ̂BR⊗ ρ̂CR⊗ ...- each product state being an overall state of
the system that could have been prepared. If sub-sysystem A is prepared by one
experimenter in state ρ̂AR with probability PR, classical communications to other
local experimenters to prepare the other sub-systems in states ρ̂BR , ρ̂
C
R, etc with
the same probability will result in the preparation of the overall mixed state. If
such an overall product state is a physical state, then so must be the states of
the uncorrelated sub-systems involved. Furthermore, measurements on all the
sub-systems can be carried out, not just those on one particular sub-system A
- where the results for the sub-system probabilities PA(i) are determined from
the reduced density operator ρ̂A - see Eq. (27). We have seen in Eq (22) that
the joint probability PAB..(i, j, ..) for measurements on all the sub-systems is
determined from the product of the individual sub-system probabilities PRA (i),
PRB (j), ..associated with sub-system density operators ρ̂
A
R, ρ̂
B
R , ..., the overall
product being weighted by the probability PR that a particular product state
is prepared. The reduced density operators for all the sub-systems do not de-
termine this joint probability - what is required are the full set of sub-system
density operators ρ̂AR, ρ̂
B
R , ...along with the overall probability PR that a par-
ticular product state is prepared. As these individual sub-system probabilities
PRA (i), P
R
B (j), ..must determine actual possible measurements then the density
operators ρ̂AR, ρ̂
B
R , ..must correspond to possible physical states for the sub-
systems, the sub-systems being modes or single particle states in the present
case. But as we have seen, the possible physical states that can be prepared
for these sub-systems are those as in Eq. (100) which are a statistical mixture
of number states with no coherences between Fock states with differing boson
numbers, so the ρ̂AR, ρ̂
B
R , themselves satisfy the super-selection rule.
3.3.5 State that Violates Local and Global Particle Number SSR
Finally, an objection to applying the super-selection rule to separate modes
based on emphasising only measurements on only one mode and its the reduced
density operator may be raised, and suggest that . ρ̂AR, ρ̂
B
R etc may be allowable
provided that the overall reduced density operators comply with the super-
selection rule. However, as will be seen this is not in general possible. As shown
above, measurements on the subsystems with measurements on the other sub-
systems discarded - are determined only from the reduced density operators
ρ̂A =
∑
R PR ρ̂
A
R alone. Hence it may seem that providing the reduced density
operators represent physical states then it does not matter if the ρ̂AR, ρ̂
B
R , ρ̂
C
R..
do not. Indeed, for special cases we can find density operators ρ̂AR that are
unphysical even though the reduced density operator ρ̂A is physical One such
example is where
ρ̂A1 =
(
1√
2
(|0〉A + |1〉A)
)(
1√
2
(〈0|A + 〈1|A)
)
P1 =
1
2
ρ̂A2 =
(
1√
2
(|0〉A − |1〉A)
)(
1√
2
(〈0|A − 〈1|A)
)
P2 =
1
2
(102)
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which yields
ρ̂A =
1
2
(|0〉A 〈0|A) +
1
2
(|1〉A 〈1|A) (103)
This is a valid statistical mixture of two physical states for mode A, namely a
state with no bosons and a state with one boson, even though the contributions
ρ̂A1 and ρ̂
A
2 are non physical states consisting of pure states that are each quan-
tum superpositions of a zero boson state and a one boson state - in violation of
the super-selection rule. However even a minute change in the PR will lead to
the reduced density operators ρ̂A, ρ̂B, .. that are non physical. In the example
given, changes to P1 = 0.51 and P2 = 0.49 will lead to non physical contribu-
tions |0〉A 〈1|A and |1〉A 〈0|A to the reduced density operator ρ̂A. Also, as all
the reduced density operators must represent physical states, then the sums in
ρ̂A =
∑
R PR ρ̂
A
R, ρ̂B =
∑
R PR ρ̂
B
R , ... must all lead to physical states. Since the
probabilities PR depend on the preparation process that generates the mixed
non-entangled state, and may for example depend on external parameters such
as temperature, it would be extremely unlikely for given ρ̂AR, ρ̂
B
R , ..that all such
sums will lead to physical states, though for special choices of the mode density
operators and the PR this can occur. In addition, the density operators for the
other modes must be chosen so that the overall density operator is consistent
with the super-selection rule. For example in the case where there are only two
modes, the density operators ρ̂B1 = |0〉B 〈0|B and ρ̂B2 = |1〉B 〈1|B would lead to a
physically valid reduced density operator ρ̂B =
1
2 (|0〉B 〈0|B) + 12 (|1〉B 〈1|B) for
mode B, but there would be terms such as 14 |0〉A 〈1|A ⊗ |0〉B 〈0|B in the over-
all density operator, and such a term involves a coherence between an N = 0
state and an N = 1 state which is disallowed. Indeed, for the ρ̂A1 , ρ̂
A
2 and P1,
P2 as in Eq. (102), there may be no choice for ρ̂
B
1 and ρ̂
B
2 that gives rise to
an overall physical state. In Appendix 15 the situation where ρ̂B1 and ρ̂
B
2 are
associated with two general pure orthogonal states of the form α |0〉B + β |1〉B
and −β∗ |0〉B+α∗ |1〉B with (|α|2+ |β|2) = 1, is considered, and we find that no
choice of α and β leads to an overall physical state - although again the reduced
density operator ρ̂B =
1
2 (|0〉B 〈0|B) + 12 (|1〉B 〈1|B) is physical.
3.3.6 Global but not Local Particle Number SSR Compliant States
However, in some cases sub-system density operators can be chosen in the con-
text of two mode systems which comply with the global particle number SSR
but not the local particle number SSR. Such a case involving four zero and
one boson superpositions is presented by Verstraete et al [28], [29]. The overall
density operator is a statistical mixture
ρ̂ =
1
4
(|ψ1〉 〈ψ1|)A ⊗ |ψ1〉 〈ψ1|)B +
1
4
(|ψi〉 〈ψi|)A ⊗ |ψi〉 〈ψi|)B
+
1
4
(
∣∣ψ−1〉 〈ψ−1∣∣)A ⊗ ∣∣ψ−1〉 〈ψ−1∣∣)B + 14(∣∣ψ−i〉 〈ψ−i∣∣)A ⊗ ∣∣ψ−i〉 〈ψ−i∣∣)B
(104)
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where |ψω〉 = (|0〉 + ω |1〉)/
√
2, with ω = 1, i,−,−i. The |ψω〉 are superposi-
tions of zero and one boson states and consequently the local particle number
SSR is violated by each of the sub-system density operators |ψω〉 〈ψω|)A and
|ψω〉 〈ψω|)B. On the other hand, the global particle number SSR is obeyed
since the density operator can also be wriiten as
ρ̂ =
1
4
(|0〉 〈0|)A ⊗ |0〉 〈0|)B + 1
4
(|1〉 〈1|)A ⊗ |1〉 〈1|)B
+
1
2
(|Ψ+〉 〈Ψ+|)AB (105)
where |Ψ+〉AB = (|0〉A |1〉B + |1〉A |0〉B)/
√
2. This is a statistical mixture of
N = 0, 1, 2 boson states. Although the expression in Eq.(104) is of the form
in Eq.(3), the subsystem density operators |ψω〉 〈ψω|)A and |ψω〉 〈ψω|)B do not
comply with the local particle number SSR, so this paper the state would be
regarded as entangled. However, Verstraete et al [28], [29] regard it as separable.
They would call it separable but nonlocal. However, Eq.(105) indicates that the
state could be prepared as a mixed state containing two terms that comply with
the local particle number SSR in each of the sub-systems plus a term which is
an entangled state of the two sub-systems. The presence of an entangled state
in such an obvious preparation process challenges the description of the state
as being separable.
To further illustrate some of the points made about super-selection rules -
local and global - it is useful to consider a specific case also presented by Ver-
straete et al [28], [29]. This mixture of two mode coherent states is represented
by the two mode density operator
ρ̂ =
∫ dθ
2π
|α, α〉 〈α, α|
=
∫ dθ
2π
(|α〉 〈α|)A ⊗ (|α〉 〈α|)B (106)
where |α〉C is a one mode coherent state for mode C = A,B with α = |α| exp(−iθ),
and modes A,B are associated with bosonic annihilation operators â, b̂. The
magnitude |α| is fixed.
This density operator appears to be that for a non-entangled state of modes
A,B in the form
ρ̂ =
∑
R
PR ρ̂
A
R ⊗ ρ̂BR (107)
with
∑
R
PR →
∫
dθ
2pi and ρ̂
A
R → (|α〉 〈α|)A and ρ̂BR → (|α〉 〈α|)B . However al-
though this choice of ρ̂AR, ρ̂
B
R satisfy the Hermitiancy, unit trace, positivity fea-
tures they do not conform to the requirement of satisfying the (local) sub-system
boson number super-selection rule. From Eq. (106) we have
〈n| (|α〉 〈α|) |m〉A = exp(−|α|2)
αn√
n!
(α)∗m√
m!
〈p| (|α〉 〈α|) |q〉B = exp(−|α|2)
αp√
p!
(α)∗ q√
q!
(108)
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so clearly for each of the separate modes there are coherences between Fock
states with differing boson occupation numbers. In the approach in the present
paper the density operator in Eq. (106) does not represent a non-entangled
state. However, in the papers of Verstraete et al [28], [29], Hillery et al [32],
[33] and others it would represent an allowable non-entangled (separable) state.
Indeed, Verstraete et al [28] specifically state ”.., this state is obviously separable,
though the states |α〉 are incompatible with the (local) super-selection rule.”.
Verstraete et al [28] introduce the state defined in Eq. (106) as an example of
a state that is separable (in their terms) but which cannot be prepared locally,
because it is incompatible with the local particle number super-selection rule.
The mixture of two mode coherent states does of course satisfy the total or
global boson number super-selection rule. The matrix elements between two
mode Fock states are
(〈n|A ⊗ 〈p|B) ρ̂ (|m〉A ⊗ |q〉B) = exp(−2|α|2)
|α|n+m√
n!
√
m!
|α|p+q√
p!
√
q!
∫ dθ
2π
exp(−i(n−m+ p− q)θ)
= exp(−2|α|2) |α|
n+m
√
n!
√
m!
|α|p+q√
p!
√
q!
δn+p,m+q (109)
These overall matrix elements are zero unless n+p = m+ q, showing that there
are no coherences between two mode Fock states where the total boson number
differs. The mixture of two mode coherent states has the interesting feature of
providing an example of a two mode state which satisfies the global but not the
local super-selection rule.
The reduced density operators for modes A,B are
ρ̂A =
∫ dθ
2π
(|α〉 〈α|)A ρ̂B =
∫ dθ
2π
(|α〉 〈α|)B
and a straightforward calculation gives
ρ̂A = exp(−|α|2)
∑
n
|α|2n
n!
(|n〉 〈n|)A ρ̂B = exp(−|α|2)
∑
p
|α|2p
p!
(|p〉 〈p|)B
which are statistical mixtures of Fock states with the expected Poisson distribu-
tion associated with coherent states. This shows that the reduced density oper-
ators are consistent with the separate mode local super-selection rule, whereas
the density operators ρ̂AR = (|α〉 〈α|)A , ρ̂BR = (|α〉 〈α|)B are not . Later we will
revisit this example in the context of entanglement tests.
Note that if a twirling operation (see Eq.(319)) were to be applied to mode A,
the result would be equivalent to applying two independent twirling operations
to each mode. In this case the density operator for each mode is a Poisson
statistical mixture of number states, so each mode has a density operator that
complies with the local particle number SSR.
3.3.7 General Form of Non-Entangled States
To summarise: basically the sub-systems are single modes that the identical
bosons can occupy, the super-selection rule for identical bosons, massive or oth-
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erwise, prohibits states which are coherent superpositions of states with different
numbers of bosons, and the only physically allowable ρ̂AR, ρ̂
B
R , ..for the separate
mode sub-systems that are themselves compatiible with the local particle num-
ber SSR are allowed. For single mode sub-systems these can be written as
statistical mixtures of states with definite numbers of bosons in the form
ρ̂AR =
∑
nA
PAnA |nA〉 〈nA| ρ̂BR =
∑
nB
PBnB |nB〉 〈nB| .. (110)
However, in cases where the sub-systems are pairs of modes the density
operators ρ̂AR, ρ̂
B
R , ..for the separate sub-systems are still required to conform
to the symmetrisation principle and the super-selection rule. The forms for
ρ̂AR, ρ̂
B
R , .. are now of course more complex, as entanglement within the pairs
of modes A1, A2 associated with sub-system A, the pairs of modes B1, B2
associated with sub-system B, etc is now possible within the definition for the
general non-entangled state Eq. (3) for these pairs of modes. Within each pair
of modes A1, A2 statistical mixtures of states with differing total numbers NA
bosons in the two modes are possible and the sub-system density operators are
based on states of the form given in Eq. (89). We have
|ΦNA〉A =
NA∑
k=0
CAΦ(NA, k) |k〉A1 ⊗ |NA − k〉A2
ρ̂AR =
∞∑
NA=0
∑
Φ
PΦNA |ΦNA〉A 〈ΦNA |A (111)
with analogous expressions for the density operators ρ̂BR etc for the other pairs
of modes. Note that |ΦNA〉A only involves quantum superpositions of states
with the same total number of bosons NA. The expression (217) in SubSection
6.3 is of this form.
3.4 Bipartite Systems
We now consider the bipartite case where there are just two sub-systems in-
volved. The simplest case is where each sub-system involves only a single mode,
such as for two modes in a double well potential when only a single hyperfine
state is involve. Another important case is where each sub-system contains two
modes, such as in the double well case where modes with two different hyperfine
states are involved.
3.4.1 Two Single Modes - Coherence Terms
The general non-entangled state for modes â and b̂ is given by
ρ̂ =
∑
R
PR ρ̂
A
R ⊗ ρ̂BR (112)
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and as a consequence of the requirement that ρ̂AR and ρ̂
B
R are physical states for
modes â and b̂ satisying the super-selection rule, it follows that
〈(â)n〉a = Tr(ρ̂AR(â)n) = 0
〈
(â†)n
〉
a
= Tr(ρ̂AR(â
†)n) = 0〈
(̂b)m
〉
b
= Tr(ρ̂BR (̂b)
m) = 0
〈
(̂b†)m
〉
b
= Tr(ρ̂BR (̂b
†)m) = 0
(113)
Thus coherence terms are zero. As we will see these results will limit spin
squeezing to entangled states of modes â and b̂. Note that similar results also
apply when non-entangled states for the original modes ĉ and d̂ are considered
- 〈(ĉ)n〉c = 0, etc..
3.4.2 Two Pairs of Modes - Coherence Terms
In this case the general non-entangled state where A and B are pairs of modes
- A1, A2 associated with sub-system A, and modes B1, B2 associated with
sub-system B, the overall density operator is of the form (134), with C → A,
D → B, whilst the sub-system density operators are of the forms given in (111).
In this case we now have in general
〈(âi)n〉A = Tr(ρ̂AR(âi)n) 6= 0
〈
(â†i )
n
〉
A
= Tr(ρ̂AR(â
†
i )
n) 6= 0〈
(̂bj)
m
〉
B
= Tr(ρ̂BR (̂bj)
m) 6= 0
〈
(̂b†j)
m
〉
B
= Tr(ρ̂BR (̂b
†
j)
m) 6= 0
i, j = 1, 2 (114)
so unlike the case where the two sub-systems are single modes, there are non-
zero coherences when they are pairs of modes.
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4 Spin Squeezing
The basic concept of spin squeezing was first introduced by Kitagawa and Ueda
[44] for general spin systems. These include cases based on two mode systems,
such as may occur both for optical fields and for Bose-Einstein condensates.
Though focused on systems of massive identical bosons, the treatment in this
paper also applies to photons though details will differ.
4.1 Spin Operators, Bloch Vector and Covariance Matrix
4.1.1 Spin Operators
For two mode systems with mode annihilation operators â, b̂ associated with
the two single particle states |φa〉, |φb〉, and where the non-zero bosonic com-
mutation rules are [ê, ê†] = 1̂ (ê = â or b̂), Schwinger spin angular momentum
operators Ŝξ (ξ = x, y, z) are defined as
Ŝx = (̂b
†â+ â†b̂)/2 Ŝy = (̂b†â− â†b̂)/2i Ŝz = (̂b†b̂− â†â)/2 (115)
and which satisfy the commutation rules [Ŝξ , Ŝµ ] = iǫξµλŜλ for angular mo-
mentum operators. For bosons the square of the angular momentum operators
is given by Ŝ2x+ Ŝ
2
y + Ŝ
2
z = (N̂/2)(N̂/2+1), where N̂ = (̂b
†b̂+ â†â) is the boson
total number operator, those for the separate modes being n̂e = ê
†ê (ê = â
or b̂). The Schwinger spin operators are the second quantization form of sym-
metrized one body operators Ŝx =
∑
i(|φb(i)〉 〈φa(i)|+ |φa(i)〉 〈φb(i)|)/2 ; Ŝy =∑
i(|φb(i)〉 〈φa(i)|−|φa(i)〉 〈φb(i)|)/2i ; Ŝz =
∑
i(|φb(i)〉 〈φb(i)|−|φa(i)〉 〈φa(i)|)/2
, where the sum i is over the identical bosonic particles. In the case of the two
mode EM field the spin angular momentum operators are related to the Stokes
parameters.
4.1.2 Bloch Vector and Covariance Matrix
If the density operator for the overall system is ρ̂ then expectation values of the
three spin operators
〈
Ŝξ
〉
= Tr(ρ̂Ŝξ) (ξ = x, y, z) define the Bloch vector. Spin
squeezing is related to the fluctuation operators ∆Ŝξ = Ŝξ −
〈
Ŝξ
〉
, in terms of
which a real, symmetric covariance matrix C(Ŝξ, Ŝµ) (ξ, µ = x, y, z) is defined
[76], [68] via
C(Ŝξ, Ŝµ) = (
〈
∆Ŝξ∆Ŝµ
〉
+
〈
∆Ŝµ∆Ŝξ
〉
)/2
=
〈
Ŝξ Ŝµ + Ŝµ Ŝξ
〉
/2−
〈
Ŝξ
〉〈
Ŝµ
〉
(116)
and whose diagonal elements C(Ŝξ, Ŝξ) =
〈
∆Ŝξ
2
〉
gives the variance for the fluc-
tuation operators. The variances for the spin operators satisfy the three Heisen-
berg uncertainty principle reations
〈
∆Ŝx
2
〉〈
∆Ŝy
2
〉
≥ 14 |
〈
Ŝz
〉
|2;
〈
∆Ŝy
2
〉〈
∆Ŝz
2
〉
≥
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1
4 |
〈
Ŝx
〉
|2;
〈
∆Ŝz
2
〉〈
∆Ŝx
2
〉
≥ 14 |
〈
Ŝy
〉
|2, and spin squeezing is usually defined
via conditions such as
〈
∆Ŝx
2
〉
< 12 |
〈
Ŝz
〉
| with
〈
∆Ŝy
2
〉
> 12 |
〈
Ŝz
〉
|, for Ŝx
being squeezed compared to Ŝy and so on. However this definition is unsatisfac-
tory since it ignores the presence of the off-diagonal elements of the covariance
matrix, so a better definition is required.
4.2 New Spin Operators and Principal Spin Fluctuations
The covariance matrix has real, non-negative eigenvalues and can be diago-
nalised via an orthogonal rotation matrix M(−α,−β,−γ) that defines new spin
angular momentum operators Ĵξ (ξ = x, y, z) via
Ĵξ =
∑
µ
Mξµ(−α,−β,−γ)Ŝµ (117)
and where
C(Ĵξ, Ĵµ) =
∑
λθ
Mξλ(−α,−β,−γ)C(Ŝλ, Ŝθ)Mµθ(−α,−β,−γ)
= δξµ
〈
∆Ĵξ
2
〉
(118)
is the covariance matrix for the new spin angular momentum operators Ĵξ (ξ =
x, y, z), and which is diagonal with the diagonal elements
〈
∆Ĵx
2
〉
,
〈
∆Ĵy
2
〉
and〈
∆Ĵz
2
〉
giving the so-called principal spin fluctuations. The matrix M(α, β, γ)
is parameterised in terms of three Euler angles α, β, γ and is given in [77] (see
Eq. (4.43)).
The Bloch vector and spin fluctuations are illustrated in Figure 1. In Fig 1
the Bloch vector and spin fluctuation ellipsoid is shown in terms of the original
spin operators Ŝξ (ξ = x, y, z)
Figure 1 near here.
4.3 Spin Squeezing for New Spin Operators
4.3.1 Heisenberg Uncertainty Principle and Spin Squeezing
Since the new spin operators also satisfy Heisenberg uncertainty principle rela-
tionships 〈
∆Ĵx
2
〉〈
∆Ĵy
2
〉
≥ 1
4
|
〈
Ĵz
〉
|2〈
∆Ĵy
2
〉〈
∆Ĵz
2
〉
≥ 1
4
|
〈
Ĵx
〉
|2〈
∆Ĵz
2
〉〈
∆Ĵx
2
〉
≥ 1
4
|
〈
Ĵy
〉
|2 (119)
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spin squeezing will now be defined via condtions such as〈
∆Ĵx
2
〉
<
1
2
|
〈
Ĵz
〉
| and
〈
∆Ĵy
2
〉
>
1
2
|
〈
Ĵz
〉
|〈
∆Ĵy
2
〉
<
1
2
|
〈
Ĵx
〉
| and
〈
∆Ĵz
2
〉
>
1
2
|
〈
Ĵx
〉
|〈
∆Ĵz
2
〉
<
1
2
|
〈
Ĵy
〉
| and
〈
∆Ĵx
2
〉
>
1
2
|
〈
Ĵy
〉
| (120)
for Ĵxbeing squeezed compared to Ĵy, and so on. By convention we may choose〈
∆Ĵx
2
〉
≤
〈
∆Ĵy
2
〉
≤
〈
∆Ĵz
2
〉
, so the primary spin operator of interest will be
Ĵx since this has the smallest fluctuation. Note that here we have chosen prin-
cipal spin fluctuations, but of course the last Heisenberg uncertainty relations
apply for any new choice of rotated spin operators - as occurs in the next part
of this section.
4.3.2 Alternative Spin Squeezing Criteria
Other criteria for spin squeezing are also used, for example in the article by
Wineland et al [78] . To focus on spin squeezing for Ĵxcompared to any orthog-
onal spin operators we can combine the first and third Heisenberg uncertainty
principle relationships to give〈
∆Ĵx
2
〉(〈
∆Ĵy
2
〉
+
〈
∆Ĵz
2
〉)
≥ 1
4
(
|
〈
Ĵy
〉
|2 + |
〈
Ĵz
〉
|2
)
(121)
Then we may define two new spin operators via
Ĵ⊥ 1 = cos θ Ĵy + sin θ Ĵz Ĵ⊥ 2 = − sin θ Ĵy + cos θ Ĵz (122)
where θ corresponds to a rotation angle in the yz plane, and which satisfy the
standard angular momentun commutation rules [Ĵ⊥ 1 , Ĵ⊥ 2] = iĴx, [Ĵ⊥ 2 , Ĵx ] =
iĴ⊥ 1, [Ĵx , Ĵ⊥ 1] = iĴ⊥ 2. It is straightforward to show that
〈
∆Ĵy
2
〉
+
〈
∆Ĵz
2
〉
=〈
∆Ĵ⊥ 12
〉
+
〈
∆Ĵ⊥ 22
〉
and |
〈
Ĵ⊥ 1
〉
|2+ |
〈
Ĵ⊥ 2
〉
|2 = |
〈
Ĵy
〉
|2+ |
〈
Ĵz
〉
|2 so that
〈
∆Ĵx
2
〉(〈
∆Ĵ⊥ 12
〉
+
〈
∆Ĵ⊥ 22
〉)
≥ 1
4
(
|
〈
Ĵ⊥ 1
〉
|2 + |
〈
Ĵ⊥ 2
〉
|2
)
(123)
so that spin squeezing for Ĵxcompared to any two orthogonal spin operators
such as Ĵ⊥ 1 or Ĵ⊥ 2 would be defined as〈
∆Ĵx
2
〉
<
1
2
√(
|
〈
Ĵ⊥ 1
〉
|2 + |
〈
Ĵ⊥ 2
〉
|2
)
and〈
∆Ĵ⊥ 12
〉
+
〈
∆Ĵ⊥ 22
〉
>
1
2
√(
|
〈
Ĵ⊥ 1
〉
|2 + |
〈
Ĵ⊥ 2
〉
|2
)
(124)
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This criterion would apply however the choice of rotation matrixM(−α,−β,−γ)
is made, so ∆Ĵx does not have to correspond to the principal spin fluctuation
with the smallest variance though obviously such a choice is preferable over
some arbitrary set of new spin operators. For spin squeezing in
〈
∆Ĵx
2
〉
we
require
ξ2 =
〈
∆Ĵx
2
〉
(
|
〈
Ĵ⊥ 1
〉
|2 + |
〈
Ĵ⊥ 2
〉
|2
) < 1
2
√(
|
〈
Ĵ⊥ 1
〉
|2 + |
〈
Ĵ⊥ 2
〉
|2
) ∼ 1N (125)
The last step is an approximation based on the assumption that the Bloch
vector lies in the yz plane and close to the Bloch sphere, this situation being
the most conducive to detecting the fluctuation
〈
∆Ĵx
2
〉
. In this situation√(
|
〈
Ĵ⊥ 1
〉
|2 + |
〈
Ĵ⊥ 2
〉
|2
)
is approximately N/2. The condition ξ2 < 1/N is
sometimes taken as the condition for spin squeezing [79], but it should be noted
that this is approximate and Eq. (124) gives the correct expression.
4.3.3 Planar Spin Squeezing
A special case of recent interest is that referred to as planar squeezing [80] in
which the Bloch vector for a suitable choice of spin operators lies in a plane
and along one of the axes. If this plane is chosen to be the xy plane and the
x axis is chosen then
〈
Ĵz
〉
= 0 and
〈
Ĵy
〉
= 0, resulting in only one Heisen-
berg uncertainty principle relationship where the right side is non-zero, namely〈
∆Ĵy
2
〉〈
∆Ĵz
2
〉
≥ 14 |
〈
Ĵx
〉
|2. Combining this with
〈
∆Ĵx
2
〉〈
∆Ĵy
2
〉
≥ 0 gives(〈
∆Ĵy
2
〉
+
〈
∆Ĵx
2
〉)〈
∆Ĵz
2
〉
≥ 14 |
〈
Ĵx
〉
|2. So the total spin fluctuation in
the xy plane defined as
〈
∆Ĵ‖2
〉
=
〈
∆Ĵy
2
〉
+
〈
∆Ĵx
2
〉
will be squeezed com-
pared to the total spin fluctuation perpendicular to the xy plane given by〈
∆Ĵ⊥2
〉
=
〈
∆Ĵz
2
〉
if
〈
∆Ĵ‖2
〉
<
1
2
|
〈
Ĵx
〉
| and
〈
∆Ĵ⊥2
〉
>
1
2
|
〈
Ĵx
〉
| (126)
By minimising
〈
∆Ĵ‖2
〉
whilst satisfying the constraints
〈
Ĵz
〉
=
〈
Ĵy
〉
= 0 a spin
squeezed state is found that satisfies (126) with
〈
∆Ĵ‖2
〉
˜ J2/3,
〈
∆Ĵ⊥2
〉
˜ J4/3,
|
〈
Ĵx
〉
| ˜ J for large J = N/2 [80]. The Bloch vector is on the Bloch sphere
and condition (125) is also satisfied.
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4.4 Rotation Operators and New Modes
4.4.1 Rotation Operators
The new spin operators are also related to the original spin operators via a
unitary rotation operator R̂(α, β, γ) parameterised in terms of Euler angles so
that
Ĵξ = R̂(α, β, γ) Ŝξ R̂(α, β, γ)
−1 (127)
where
R̂(α, β, γ) = R̂z(α)R̂y(β)R̂z(γ) (128)
with R̂ξ(φ) = exp(iφŜξ) describing a rotation about the ξ axis anticlockwise
through an angle φ. Details for the rotation operators and matrices are set out
in [68]. Note that Eq. (127) specifies a rotation of the vector spin operator
rather than a rotation of the axes, so Ĵξ (ξ = x, y, z) are the components of the
rotated vector spin operator with respect to the original axes.
4.4.2 New Mode Operators
We can also see that the new spin operators are related to new mode operators
ĉ and d̂ via
Ĵx = (d̂
†ĉ+ ĉ†d̂)/2 Ĵy = (d̂†ĉ− ĉ†d̂)/2i Ĵz = (d̂†d̂− ĉ†ĉ)/2 (129)
where
ĉ = R̂(α, β, γ) â R̂(α, β, γ)−1 d̂ = R̂(α, β, γ) b̂ R̂(α, β, γ)−1 (130)
For the bosonic case a straight-forward calculation gives the new mode op-
erators as
ĉ = exp(
1
2
iγ)
(
cos(
β
2
) exp(
1
2
iα) â+ sin(
β
2
) exp(−1
2
iα) b̂
)
d̂ = exp(−1
2
iγ)
(
− sin(β
2
) exp(
1
2
iα) â+ cos(
β
2
) exp(−1
2
iα) b̂
)
(131)
and it is easy to then check that ĉ and d̂ satisfy the expected non-zero bosonic
commutation rules are [ê, ê†] = 1̂ (ê = ĉ or d̂) and that the total boson number
operator is N̂ = (d̂†d̂+ ĉ†ĉ). As N̂ is invariant under unitary rotation operators
it follows that Ĵ2x + Ĵ
2
y + Ĵ
2
z = (N̂/2)(N̂/2 + 1).
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4.4.3 New Modes
The new mode operators correspond to new single particle states |φc〉, |φd〉
where
|φc〉 = exp(−
1
2
iγ)
(
cos(
β
2
) exp(−1
2
iα) |φa〉+ sin(
β
2
) exp(
1
2
iα) |φb〉
)
|φd〉 = exp(
1
2
iγ)
(
− sin(β
2
) exp(−1
2
iα) |φa〉+ cos(
β
2
) exp(
1
2
iα) |φb〉
)
(132)
These are two orthonormal quantum superpositions of the original single particle
states |φa〉, |φb〉, and as such represent an alternative choice of modes that could
be realised experimentally.
Eqs. (131) can be inverted to give the old mode operators via
â = exp(−1
2
iα)
(
cos(
β
2
) exp(−1
2
iγ) ĉ− sin(β
2
) exp(+
1
2
iγ) d̂
)
b̂ = exp(+
1
2
iα)
(
sin(
β
2
) exp(
1
2
iγ) ĉ+ cos(
β
2
) exp(−1
2
iγ) d̂
)
(133)
4.5 Old and New Modes - Coherence Terms
For our two-mode case we have also seen that the original choice of modes with
annihilation operators â and b̂ may be replaced by new modes with annihilation
operators ĉ and d̂. Since the new modes are associated with new spin operators
Ĵξ (ξ = x, y, z) for which the covariance matrix is diagonal and where the
diagonal elements give the variances that are relevant for the definition of spin
squeezing, it is therefore more relevant to consider entanglement for he case
where the sub-systems are modes ĉ and d̂, rather than â and b̂. Consequently
the general non-entangled state for modes ĉ and d̂ is given by
ρ̂ =
∑
R
PR ρ̂
C
R ⊗ ρ̂DR (134)
and as a consequence of the requirement that ρ̂CR and ρ̂
D
R are physical states for
modes ĉ and d̂ satisying the super-selection rule, it follows that
〈(ĉ)n〉c = Tr(ρ̂CR(ĉ)n) = 0
〈
(ĉ†)n
〉
c
= Tr(ρ̂CR(ĉ
†)n) = 0〈
(d̂)m
〉
d
= Tr(ρ̂DR (d̂)
m) = 0
〈
(d̂†)m
〉
d
= Tr(ρ̂DR (d̂
†)m) = 0
(135)
Thus coherence terms are zero. As we will see these results will limit spin
squeezing to entangled states of modes ĉ and d̂.
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4.6 Quantum Correlation Functions and Spin Measure-
ments
Finally, we note that the principal spin fluctuations can be related to quantum
correlation functions. For example, it is easy to show that〈
∆Ĵx
2
〉
=
1
4
(〈
(d̂†)2(ĉ)2
〉
+
〈
(ĉ†)2(d̂)2
〉
+ 2
〈
d̂†ĉ†ĉd̂
〉
+
〈
d̂†d̂
〉
+
〈
ĉ†ĉ
〉)
−1
4
(〈
(d̂†ĉ
〉2
+
〈
(ĉ†d̂
〉2
+ 2
〈
(d̂†ĉ
〉〈
(ĉ†d̂
〉)
(136)
showing that
〈
∆Ĵx
2
〉
is related to various first and second order quantum cor-
relation functions. These can be measured experimentally and are given the-
oretically in terms of phase space integrals involving distribution functions to
represent the density operator and phase space variables to represent the mode
annihilation, creation operators.
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5 Spin Squeezing as a Test for Entanglement
With the general non-entangled state now required to be such that the density
operators for the individual sub-systems must represent physical states and
conform to the super-selection rule, the consequential link between entanglement
in two mode bosonic systems and spin squeezing can now be established. We
first consider spin squeezing for the principal spin operators Ĵx, Ĵy, Ĵz and
entangled states of the related new modes ĉ, d̂ and then spin squeezing for the
original spin operators Ŝx, Ŝy, Ŝz and entangled states of the original modes â,
b̂. Examples of entangled states that are not spin squeezed and states that are
not entangled nor spin squeezed for one choice of mode sub-systems, but are
entangled and spin squeezed for another choice are then presented.
5.1 Spin Squeezing Requires Entanglement - New Modes
Firstly, the variance for a Hermitian operator Ω̂ in a mixed state
ρ̂ =
∑
R
PR ρ̂R (137)
is always greater than or equal to the the average of the variances for the separate
components 〈
∆Ω̂ 2
〉
≥
∑
R
PR
〈
∆Ω̂2
〉
R
(138)
where
〈
∆Ω̂ 2
〉
= Tr(ρ̂∆Ω̂ 2) with ∆Ω̂ = Ω̂−
〈
Ω̂
〉
and
〈
∆Ω̂ 2
〉
R
= Tr(ρ̂R∆Ω̂R
2)
with ∆Ω̂R = Ω̂−
〈
Ω̂
〉
R
. The proof is straight-forward and given in Ref. [81].
5.1.1 Cases of Ĵx and Ĵy
Next we calculate
〈
∆Ĵ 2x
〉
R
,
〈
∆Ĵ 2y
〉
R
and
〈
Ĵx
〉
R
,
〈
Ĵy
〉
R
,
〈
Ĵz
〉
R
for the case
where ρ̂R = ρ̂
c
R ⊗ ρ̂dR. From Eqs. (129) we find that
Ĵ 2x =
1
4
((d̂†)2(ĉ)2 + d̂†d̂ĉĉ† + ĉ†ĉd̂d̂† + (d̂)2(ĉ†)2)
Ĵ 2y = −
1
4
((d̂†)2(ĉ)2 − d̂†d̂ĉĉ† − ĉ†ĉd̂d̂† + (d̂)2(ĉ†)2) (139)
so that on taking the trace with ρ̂R and using Eqs. (135) we get after applying
the commutation rules [ê, ê†] = 1̂ (ê = ĉ or d̂)〈
Ĵ 2x
〉
R
=
1
4
(
〈
d̂†d̂
〉
R
+
〈
ĉ†ĉ
〉
R
) +
1
2
(
〈
ĉ†ĉ
〉
R
〈
d̂†d̂
〉
R
)〈
Ĵ 2y
〉
R
=
1
4
(
〈
d̂†d̂
〉
R
+
〈
ĉ†ĉ
〉
R
) +
1
2
(
〈
ĉ†ĉ
〉
R
〈
d̂†d̂
〉
R
) (140)
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As we also have〈
Ĵ x
〉
R
=
1
2
(
〈
d̂†
〉
R
〈ĉ〉R +
〈
ĉ†
〉
R
〈
d̂
〉
R
) = 0〈
Ĵ y
〉
R
=
1
2i
(
〈
d̂†
〉
R
〈ĉ〉R −
〈
ĉ†
〉
R
〈
d̂
〉
R
) = 0 (141)
using Eqs. (135) and we see finally that the variances are〈
∆Ĵ 2x
〉
R
=
1
4
(
〈
d̂†d̂
〉
R
+
〈
ĉ†ĉ
〉
R
) +
1
2
(
〈
ĉ†ĉ
〉
R
〈
d̂†d̂
〉
R
)〈
∆Ĵ 2y
〉
R
=
1
4
(
〈
d̂†d̂
〉
R
+
〈
ĉ†ĉ
〉
R
) +
1
2
(
〈
ĉ†ĉ
〉
R
〈
d̂†d̂
〉
R
) (142)
and therefore from Eq. (138)〈
∆Ĵ 2x
〉
≥
∑
R
PR
1
4
(
〈
d̂†d̂
〉
R
+
〈
ĉ†ĉ
〉
R
) +
1
2
(
〈
ĉ†ĉ
〉
R
〈
d̂†d̂
〉
R
)
〈
∆Ĵ 2y
〉
≥
∑
R
PR
1
4
(
〈
d̂†d̂
〉
R
+
〈
ĉ†ĉ
〉
R
) +
1
2
(
〈
ĉ†ĉ
〉
R
〈
d̂†d̂
〉
R
) (143)
Now 〈
Ĵ z
〉
=
∑
R
PR
1
2
(
〈
d̂†d̂
〉
R
− 〈ĉ†ĉ〉
R
)) (144)
so that
1
2
|
〈
Ĵ z
〉
| ≤
∑
R
PR
1
4
|(
〈
d̂†d̂
〉
R
− 〈ĉ†ĉ〉
R
))| ≤
∑
R
PR
1
4
(
〈
d̂†d̂
〉
R
+
〈
ĉ†ĉ
〉
R
))
(145)
and thus for any non-entangled state of modes ĉ and d̂〈
∆Ĵ 2x
〉
− 1
2
|
〈
Ĵ z
〉
|
≥
∑
R
PR
1
4
(
〈
d̂†d̂
〉
R
+
〈
ĉ†ĉ
〉
R
) +
1
2
(
〈
ĉ†ĉ
〉
R
〈
d̂†d̂
〉
R
)−
∑
R
PR
1
4
(
〈
d̂†d̂
〉
R
+
〈
ĉ†ĉ
〉
R
))
≥
∑
R
PR
1
2
(
〈
ĉ†ĉ
〉
R
〈
d̂†d̂
〉
R
)
≥ 0 (146)
Similar final steps show that
〈
∆Ĵ 2y
〉
− 12 |
〈
Ĵ z
〉
| ≥ 0 for any non-entangled
state of modes ĉ and d̂.
This shows that for the general non-entangled state with modes ĉ and d̂ as the
sub-systems, the variances for two of the principal spin fluctuations
〈
∆Ĵ 2x
〉
and〈
∆Ĵ 2y
〉
are both greater than 12 |
〈
Ĵ z
〉
|, and hence there is no spin squeezing for
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Ĵx or Ĵy. Note that as |
〈
Ĵ y
〉
| = 0, the quantity
√(
|
〈
Ĵ⊥ 1
〉
|2 + |
〈
Ĵ⊥ 2
〉
|2
)
is the same as |
〈
Ĵ z
〉
|, so the alternative criterion in Eq. (124) is the same as
that in Eq. (120) which is used here.
We can extend the above to obtain further inequalities for the non-entangled
state. Using Eq. (141)〈
Ĵ x
〉
=
∑
R
PR
〈
Ĵ x
〉
R
= 0
〈
Ĵ y
〉
=
∑
R
PR
〈
Ĵ y
〉
R
= 0 (147)
it is easy to see that〈
∆Ĵ 2x
〉
− 1
2
|
〈
Ĵ y
〉
| ≥ 0
〈
∆Ĵ 2y
〉
− 1
2
|
〈
Ĵ x
〉
| ≥ 0 (148)
for any non-entangled state of modes ĉ and d̂. This completes the set of inequal-
ities for the variances of Ĵx and Ĵy.
5.1.2 Case of Ĵz
For the other principal spin fluctuation we find that〈
∆Ĵ 2z
〉
R
=
1
4
(
〈(
d̂†d̂−
〈
d̂†d̂
〉
R
)(
d̂†d̂−
〈
d̂†d̂
〉
R
)〉
R
+
〈(
ĉ†ĉ− 〈ĉ†ĉ〉
R
) (
ĉ†ĉ− 〈ĉ†ĉ〉
R
)〉
R
(149)
so that using (138)〈
∆Ĵ 2z
〉
≥
∑
R
PR
1
4
(
〈(
d̂†d̂−
〈
d̂†d̂
〉
R
)2〉
R
+
〈(
ĉ†ĉ− 〈ĉ†ĉ〉
R
)2〉
R
(150)
From Eq. (147) it follows that〈
∆Ĵ 2z
〉
− 1
2
|
〈
Ĵ x
〉
|
≥
∑
R
PR
1
4
(
〈(
d̂†d̂−
〈
d̂†d̂
〉
R
)2〉
R
+
〈(
ĉ†ĉ− 〈ĉ†ĉ〉
R
)2〉
R
≥ 0 (151)
Similarly
〈
∆Ĵ 2z
〉
− 12 |
〈
Ĵ y
〉
| ≥ 0.
5.1.3 No Spin Squeezing for Separable States
So overall, we have for the general non-entangled state of modes ĉ and d̂〈
∆Ĵx
2
〉
≥ 1
2
|
〈
Ĵz
〉
| and
〈
∆Ĵy
2
〉
≥ 1
2
|
〈
Ĵz
〉
|〈
∆Ĵy
2
〉
≥ 1
2
|
〈
Ĵx
〉
| and
〈
∆Ĵz
2
〉
≥ 1
2
|
〈
Ĵx
〉
|〈
∆Ĵz
2
〉
≥ 1
2
|
〈
Ĵy
〉
| and
〈
∆Ĵx
2
〉
≥ 1
2
|
〈
Ĵy
〉
| (152)
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Note that the last two pairs of inequalities are trivially true for the general
non-entangled state, since
〈
Ĵx
〉
=
〈
Ĵy
〉
= 0. This overall result tells us that
for any non-entangled state of modes ĉ and d̂ we do not have Ĵx being squeezed
compared to Ĵy (or vice-versa), Ĵy being squeezed compared to Ĵz (or vice-
versa), Ĵz being squeezed compared to Ĵx (or vice-versa). That is, there is no
spin squeezing for the non-entangled state!
5.1.4 Spin Squeezing Tests for Entanglement
The key value of these results is the spin squeezing test for entanglement - if
for a given state we find that
If
〈
∆Ĵ 2x
〉
<
1
2
|
〈
Ĵ z
〉
| or
〈
∆Ĵ 2y
〉
<
1
2
|
〈
Ĵ z
〉
| (153)
or
If
〈
∆Ĵ 2y
〉
<
1
2
|
〈
Ĵ x
〉
| or
〈
∆Ĵ 2z
〉
<
1
2
|
〈
Ĵ x
〉
| (154)
or
If
〈
∆Ĵ 2z
〉
<
1
2
|
〈
Ĵ y
〉
| or
〈
∆Ĵ 2x
〉
<
1
2
|
〈
Ĵ y
〉
| (155)
then the state must be entangled. Thus we only need to have spin squeezing in
any of the Ĵx, Ĵy or Ĵz to demonstrate entanglement. No particular component
need be singled out. Note that one cannot have both
〈
∆Ĵ 2x
〉
< 12 |
〈
Ĵ z
〉
|
and
〈
∆Ĵ 2y
〉
< 12 |
〈
Ĵ z
〉
| etc. due to the Heisenberg uncertainty principle.
It is then straightforward to show that
If
〈
∆Ĵ 2x
〉
<
1
2
√
|
〈
Ĵ x⊥1
〉
|2 + |
〈
Ĵ x⊥2
〉
|2 (156)
or
If
〈
∆Ĵ 2y
〉
<
1
2
√
|
〈
Ĵ y⊥1
〉
|2 + |
〈
Ĵ y⊥2
〉
|2 (157)
or
If
〈
∆Ĵ 2z
〉
<
1
2
√
|
〈
Ĵ z⊥1
〉
|2 + |
〈
Ĵ z⊥2
〉
|2 (158)
that is, if Ĵx, Ĵy or Ĵz are squeezed compared to any of their two orthogonal
spin components - then the state must be entangled. Again we only need to
have spin squeezing in any of the Ĵx, Ĵy or Ĵz compared to any of their two
orthogonal spin components to demonstrate entanglement.
5.1.5 Inequality for |
〈
Ĵ z
〉
|
Of the results for a non-entangled physical state for modes ĉ and d̂ we will later
find it particularly important to consider the first of (152)〈
∆Ĵ 2x
〉
≥ 1
2
|
〈
Ĵ z
〉
| and
〈
∆Ĵ 2y
〉
≥ 1
2
|
〈
Ĵ z
〉
| (159)
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This is because we can show that for any quantum state
|
〈
Ĵ z
〉
| = |
〈
1
2
(n̂d − n̂c)
〉
| ≤ 1
2
(| 〈n̂d〉 | + | 〈n̂c〉 |) = 1
2
〈
N̂
〉
(160)
there is an inequality involving |
〈
Ĵ z
〉
| and the mean number of bosons
〈
N̂
〉
in the two mode system. Note that there may be entangled states for which〈
∆Ĵ 2x
〉
and
〈
∆Ĵ 2y
〉
are both greater than 12 |
〈
Ĵ z
〉
|, since all that has been
proven is that for non-entangled states we must have both
〈
∆Ĵ 2x
〉
≥ 12 |
〈
Ĵ z
〉
|
and
〈
∆Ĵ 2y
〉
≥ 12 |
〈
Ĵ z
〉
|.
Hence we may conclude that spin squeezing in either of the principal spin
fluctuations Ĵx , Ĵy or Ĵz requires the quantum state to be entangled for the
modes ĉ and d̂ as the sub-systems, these modes being associated with the prin-
cipal spin fluctuations via Eq. (129). Although finding spin squeezing tells us
that the state is entangled, there are however no simple relationships between
the measures of entanglement and those of spin squeezing, so the linkage is
essentially a qualitative one. For general quantum states, measures of entangle-
ment for the specific situation of two sub-systems (bi-partite entanglement) are
reviewed in [19].
5.2 Spin Squeezing Requires Entanglement - Original Modes
It is also of some interest to consider spin squeezing for the original spin opera-
tors Ŝx, Ŝy, Ŝz with the original modes â and b̂ as the sub-systems, even though
these spin operators are in general associated with a non-diagonal covariance
matrix and the concept of spin squeezing is rather problematic in view of princi-
pal spin fluctuations not being involved. In this case the general non-entangled
state for the original modes is given by
ρ̂ =
∑
R
PR ρ̂
A
R ⊗ ρ̂BR (161)
with the ρ̂AR and ρ̂
B
R representing physical states for modes â and b̂, and where
results analogous to Eqs. (135) apply. The same treatment applies as for spin
operators Ĵx, Ĵy, Ĵz with the modes ĉ and d̂ as the sub-systems and leads to
the result for a non-entangled state of modes â and b̂〈
∆Ŝ 2x
〉
≥ 1
2
|
〈
Ŝ z
〉
| and
〈
∆Ŝ 2y
〉
≥ 1
2
|
〈
Ŝ z
〉
(162)
showing that neither Ŝx or Ŝy is spin squeezed for the general non-entangled
state for modes â and b̂ given in Eq. (161). We also have〈
Ŝ x
〉
=
∑
R
PR
〈
Ŝ x
〉
R
= 0
〈
Ŝ y
〉
=
∑
R
PR
〈
Ŝ y
〉
R
= 0 (163)
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so all the results analogous to Eqs. (152) also follow. Hence we may also
conclude that spin squeezing in any of the original spin fluctuations requires
the quantum state to be entangled when the original modes â and b̂ are the
sub-systems. Thus the entanglement test is
If
〈
∆Ŝ 2x
〉
<
1
2
|
〈
Ŝ z
〉
| or
〈
∆Ŝ 2y
〉
<
1
2
|
〈
Ŝ z
〉
| (164)
or
If
〈
∆Ŝ 2y
〉
<
1
2
|
〈
Ŝ x
〉
| or
〈
∆Ŝ 2z
〉
<
1
2
|
〈
Ŝ x
〉
| (165)
or
If
〈
∆Ŝ 2z
〉
<
1
2
|
〈
Ŝ y
〉
| or
〈
∆Ŝ 2x
〉
<
1
2
|
〈
Ŝ y
〉
| (166)
then we have an entangled state for the original modes â and b̂.
Hence we have seen that spin squeezing - either of the new or original spin
operators requires entanglement of the new or original modes - the question then
is: Does entanglement automatically lead to spin squeezing? The answer is no,
since cases where the quantum state is entangled but not spin squeezed can be
found. Thus in general, spin squeezing and entanglement are not equivalent.-
they do not occur together for all states. Spin squeezing is a sufficient condition
for entanglement, it is not a necessary condition.
5.3 Entangled States that are Non Spin-Squeezed
One such example is the generalised N boson NOON state defined as
ρ̂ = |Φ〉 〈Φ|
|Φ〉 = cos θ (ĉ
†)N√
N !
|0〉+ sin θ (d̂
†)N√
N !
|0〉
= cos θ
∣∣∣∣N2 ,−N2
〉
+ sin θ
∣∣∣∣N2 ,+N2
〉
(167)
which is an entangled state for modes ĉ and d̂ in all cases except where cos θ or
sin θ is zero. In the last form the state is expressed in terms of the eigenstates
for ( Ĵ−→)2 and Ĵ z, as detailed in [68].
A straight-forward calculation gives〈
Ĵ x
〉
= 0
〈
Ĵ y
〉
= 0
〈
Ĵ z
〉
= −N
2
cos 2θ〈
∆Ĵ 2x
〉
=
N
4
〈
∆Ĵ 2y
〉
=
N
4
〈
∆Ĵ 2z
〉
=
N2
4
(1 − cos2 2θ) (168)
for N > 1, so that using the criteria for spin squeezing given in Eq. (120) we see
that as
〈
∆Ĵ 2x
〉
− 12 |
〈
Ĵ z
〉
| ≥ 0, etc, and hence spin squeezing does not occur
for this entangled state.
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5.4 Non-Entangled States that are Non Spin Squeezed
Of course from the previous section any non entangled state is definitely not
spin squeezed. A specific example illustrating this is the N boson binomial state
given by
ρ̂ = |Φ〉 〈Φ|
|Φ〉 = (−ĉ
†)N√
N !
|0〉 (169)
where ĉ and d̂ are given by Eqs. (131) with Euler angles α = −π + χ, β = −2θ
and γ = −π, we find that
ĉ = − cos θ exp(1
2
iχ) â− sin θ exp(−1
2
iχ) b̂ = −â1
d̂ = sin θ exp(
1
2
iχ) â− cos θ exp(−1
2
iχ) b̂ = −â2 (170)
where the mode operators â1 and â2 are as defined in [68] (see Eqs. (53) therein).
The new spin angular momentum operators Ĵξ (ξ = x, y, z) are the same as those
defined in [68] (see Eqs. (64) therein) and in [68] it has been shown (see Eq.
(60) therein) for the same binomial state as in (169) that〈
Ĵ x
〉
= 0
〈
Ĵ y
〉
= 0
〈
Ĵ z
〉
= −N
2〈
∆Ĵ 2x
〉
=
N
4
〈
∆Ĵ 2y
〉
=
N
4
〈
∆Ĵ 2z
〉
= 0 (171)
(see Eqs. (162) and (176) therein). Hence the binomial state is not spin squeezed
since
〈
∆Ĵ 2x
〉
=
〈
∆Ĵ 2y
〉
= 12 |
〈
Ĵ z
〉
|. It is of course a minimum uncertainty
state with spin fluctuations at the standard quantum limit. Clearly, it is a non-
entangled state for modes ĉ and d̂ , being the product of a number state for
mode ĉ with the vacuum state for mode d̂.
Note that from the point of view of the original modes â and b̂, this is an
entangled state. so the question is: Is it a spin squeezed state with respect to
the original spin operators Ŝξ (ξ = x, y, z) ? The Bloch vector and variances for
this binomial state are given in [68] (see Eq. (163) in the main paper and Eq.
(410) in the Appendix). The results include:
〈
Ŝ z
〉
= −N
2
cos 2θ〈
∆Ŝ 2x
〉
=
N
4
(cos2 2θ cos2 χ+ sin2 χ)
〈
∆Ŝ 2y
〉
=
N
4
(cos2 2θ sin2 χ+ cos2 χ)
(172)
This gives
〈
∆Ŝ 2x
〉〈
∆Ŝ 2y
〉
− 14 |
〈
Ŝ z
〉
|2 = 116N2(cos2 2θ − 1)2 cos2 χ sin2 χ ≥ 0
as required for the Heisenberg uncertainty principle. With χ = 0 we have
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〈
∆Ŝ 2x
〉
= N4 cos
2 2θ and
〈
∆Ŝ 2y
〉
= N4 , whilst
1
2 |
〈
Ŝ z
〉
| = N4 | cos 2θ|. As〈
∆Ŝ 2x
〉
< 12 |
〈
Ŝ z
〉
| there is spin squeezing in Ŝ x for this entangled state of
modes â and b̂, though not of course for the new spin operator Ĵ x since this
state is non-entangled for modes ĉ and d̂. This example illustrates the need to
carefully define spin squeezing and entanglement in terms of related sets of spin
operators and modes. The same state is entangled with respect to one choice
of modes - and spin squeezing occurs, whilst it is non-entangled with respect to
another set of modes - and no spin squeezing occurs.
To summarise - with a physically based definition of non-entangled states for
bosonic systems with two modes (related to the principal spin operators that
have a diagonal covariance matrix) being the sub-systems and with a criterion
for spin squeezing that focuses on these principal spin fluctuations, it seen that
whilst non-entangled states are never spin squeezed and therefore although en-
tanglement is a necessary condition for spin squeezing, it is not a sufficient one.
There are entangled states that are not spin squeezed. Furthermore, as there
is no simple quantitative links between measures of spin squeezing and those
for entanglement, the mere presence of spin squeezing only demonstrates the
qualitative result that the quantum state is entangled. Nevertheless, for high
precision measurements based on spin operators where the primary emphasis
is on how much spin squeezing can be achieved, knowing that entangled states
are needed provides an impetus for studying such states and how they might be
produced.
5.5 Entangled States that are Spin Squeezed
5.5.1 Relative Phase Eigenstate
As an example of an entangled state that is spin squeezed we consider the
relative phase eigenstate
∣∣N
2 , θp
〉
for a two mode system in which there are N
bosons. For modes with annihilation operators â, b̂ the relative phase eigenstate
is defined as∣∣∣∣N2 , θp
〉
=
1√
N + 1
N/2∑
k=−N/2
exp(ikθp)
(â†)N/2−k√
(N/2− k)!
(̂b†)N/2+k√
(N/2 + k)!
|0〉 (173)
where the relative phase θp = p(2π/(N+1)) with p = −N/2,−N/2+1, ...,+N/2,
is an eigenvalue of the relative phase Hermitian operator of the type introduced
by Barnett and Pegg [82] (see [68] and references therein). Note that the eigen-
values form a quasi-continuum over the range −π to +π, with a small separation
between neighboring phases of O(1/N). The relative phase state is consistent
with the super-selection rule and is an entangled state for modes â, b̂. The
Bloch vector for spin operators Ŝx, Ŝy, Ŝz is given by (see [68])〈
Ŝ x
〉
= N
π
8
cos θp
〈
Ŝ y
〉
= −N π
8
sin θp
〈
Ŝ z
〉
= 0 (174)
but the covariance matrix (see Eq. (178) in [68]) is non-diagonal.
76
5.5.2 New Spin Operators
It is more instructive to consider spin squeezing in terms of new spin operators
Ĵx, Ĵy, Ĵz for which the covariance matrix is diagonal. The new spin operators
are related to the original spin operators via
Ĵx = Ŝz
Ĵy = sin θp Ŝx + cos θp Ŝy
Ĵz = − cos θp Ŝx + sin θp Ŝy (175)
corresponding to the transformation in Eq. (117) with Euler angles α = −π+θp,
β = −π/2 and γ = −π.
5.5.3 Bloch Vector and Covariance Matrix
The Bloch vector and covariance matrix for spin operators Ĵx, Ĵy, Ĵz are given
by (see Eqs. (180), (181) in [68] - note that the C(Ĵy , Ĵy) element is incorrect
in Eq. (181)) 〈
Ĵ x
〉
= 0
〈
Ĵ y
〉
= 0
〈
Ĵ z
〉
= −N π
8
(176)
and  C(Ĵx, Ĵx) C(Ĵx, Ĵy) C(Ĵx, Ĵz)C(Ĵy, Ĵx) C(Ĵy, Ĵy) C(Ĵy , Ĵz)
C(Ĵz , Ĵy) C(Ĵz , Ĵy) C(Ĵz , Ĵz)

+

1
12N
2 0 0
0 14 +
1
8 lnN 0
0 0
(
1
6 − pi
2
64
)
N2
 N ≫ 1 (177)
With
〈
∆Ĵ 2x
〉
= 112N
2,
〈
∆Ĵ 2y
〉
= 14 +
1
8 lnN and
〈
∆Ĵ 2z
〉
=
(
1
6 − pi
2
64
)
N2 and
the only non-zero Bloch vector component being
〈
Ĵ z
〉
= −N pi8 it is easy to see
that
〈
∆Ĵ 2x
〉〈
∆Ĵ 2y
〉
≥ 14 |
〈
Ĵ z
〉
|2 as required by the Heisenberg Uncertainty
Principle. The principal spin fluctuations in both Ĵx and Ĵz are comparable
to the length of the Bloch vector and no spin squeezing occurs in either of
these components. However, spin squeezing occurs in that Ĵy is squeezed with
respect to Ĵx -
〈
∆Ĵ 2y
〉
only increases as 18 lnN whilst
1
2 |
〈
Ĵ z
〉
| increases as
pi
16N for large N . Hence the relative phase state satisfies the test in Eq. (155)
to demonstate entanglement for modes ĉ, d̂.
5.5.4 New Modes Operators
To confirm that the relative phase state is in fact an entangled state for modes
ĉ, d̂ as well as for the original modes â, b̂, we note that the new mode operators
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ĉ, d̂ are given in in Eq. (131) with Euler angles α = −π + θp, β = −π/2 and
γ = −π. The old mode operators are given in Eq. (133) and with these Euler
angles we have
â = − exp(1
2
iθp)
1√
2
(
ĉ− d̂
)
b̂ = − exp(−1
2
iθp)
1√
2
(
ĉ+ d̂
)
(178)
This enables us to write the phase state in terms of new mode operators ĉ, d̂ as∣∣∣∣N2 , θp
〉
=
1√
N + 1
(−1√
2
)N N/2∑
k=−N/2
N/4−k/2∑
r=−N/4+k/2
N/4+k/2∑
s=−N/4−k/2
× 1√
(N/2− k)!
1√
(N/2 + k)!
(−1)N/4−k/2+r
× (N/2− k)!
(N/4− k/2− r)!(N/4 − k/2 + r)!
(N/2 + k)!
(N/4 + k/2− s)!(N/4 + k/2 + s)!
×(ĉ†)N/2−(r+s) (d̂†)N/2+(r+s) |0〉
(179)
We see that the expression does not depend explicitly on the relative phase θp
when written in terms of the new mode unnormalised Fock states (ĉ†)N/2−(r+s) (d̂†)N/2+(r+s) |0〉.
This pure state is a linear combination of product states of the form |N/2−m〉c⊗
|N/2 +m〉d for various m - each of which is an N boson state and an eigenstate
for Ĵ z with eigenvalue m, and therefore is an entangled state for modes ĉ, d̂
which is compatible with the global super-selection rule. Note that there cannot
just be a single term m involved, otherwise the variance for Ĵ z would be zero
instead of
(
1
6 − pi
2
64
)
N2. We will return to the relative phase state again in
SubSection 6.1.
5.6 Bloch Vector Entanglement Test
We have seen for the general non-entangled states of modes ĉ and d̂ or of modes
â and b̂ that 〈
Ĵ x
〉
= 0
〈
Ĵ y
〉
= 0 (180)〈
Ŝ x
〉
= 0
〈
Ŝ y
〉
= 0 (181)
From Eqs. (129) and (115) these results are equivalent to〈
d̂ ĉ†
〉
= 0
〈
ĉ d̂†
〉
= 0 (182)〈
b̂ â†
〉
= 0
〈
â b̂†
〉
= 0 (183)
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Hence we find further tests for entangled states of modes ĉ and d̂ or of modes
â and b̂
|
〈
d̂ ĉ†
〉
|2 > 0 |
〈
ĉ d̂†
〉
|2 > 0 (184)
|
〈
b̂ â†
〉
|2 > 0 |
〈
â b̂†
〉
|2 > 0 (185)
As we will see in Section 6, these tests are particular cases with m = n = 1
of the simpler entanglement test in Eq. (209) that applies for the situation in
the present paper where non-entangled states are required to satisfy the super-
selection rule.
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6 Other Proposed Tests for Entanglement
There are a number of inequalities involving not only the variances of the spin
operators but also other quantities, that have been derived for testing whether
a state for a system of identical bosons is entangled. These are not always
associated with criteria for spin squeezing. Some of these are based on the
implicit assumption that the density operators ρ̂AR, ρ̂
B
R in the expression for a
non-entangled state are not required to conform to the super-selection rule that
prohibits quantum superpositions of single mode states with differing numbers
of bosons. These results are based in effect on a different criterion as to what
constitutes an entangled state, so of course the resulting inequalities will differ
from those that would apply if the definition of an entangled state is based on
the considerations presented here in this paper - which emphasise the require-
ment that the density operators ρ̂AR, ρ̂
B
R should represent physical states for the
separate modes and hence satisfy the super-selection rule. Other results are
based on forms of the density operator for non-entangled states that do not
satisfy the symmetrisation principle. In this Section we examine a number of
such entanglement tests and find that some are not valid, though some may be
revised as tests for entangled states defined in accord with symmetrisation and
super-selection rules.
6.1 Hillery et al 2006
6.1.1 Hillery Spin Variance Entanglement Test
One such entanglement test is presented in the paper by Hillery and Zubairy
[32] entitled ”Entanglement conditions for two-mode states”. The paper actu-
ally dealt with EM field modes and the super-selection rule was not applied,
so density operators ρ̂AR, ρ̂
B
R for photon modes allowed for coherences between
states with differing photon numbers, and hence the conditions in Eq. (135) did
not apply. However, even for the situation of EM field modes where massless
photons are involved, it is argued here that the super-selection rule also should
be applied. Conditions involving the variances
〈
∆Ŝ x
〉2
,
〈
∆Ŝ y
〉2
can be ob-
tained by applying similar arguements to those in Section 6. It is found that
for the original spin operators Ŝx, Ŝy, Ŝz and modes â and b̂〈
Ŝ 2x
〉
R
=
1
4
(
〈
b̂†b̂
〉
R
+
〈
â†â
〉
R
) +
1
2
(
〈
â†â
〉
R
〈
b̂†b̂
〉
R
) +
1
4
(
〈
(̂b†)2
〉
R
〈
(â)2
〉
R
+
〈
(̂b)2
〉
R
〈
(â†)2
〉
)〈
Ŝ 2y
〉
R
=
1
4
(
〈
b̂†b̂
〉
R
+
〈
â†â
〉
R
) +
1
2
(
〈
â†â
〉
R
〈
b̂†b̂
〉
R
)− 1
4
(
〈
(̂b†)2
〉
R
〈
(â)2
〉
R
+
〈
(̂b)2
〉
R
〈
(â†)2
〉
)
(186)
where terms such as
〈
(̂b†)2
〉
R
and
〈
(â)2
〉
R
previously shown to be zero have
been retained. Note that in [32] the operators Ŝx, Ŝy, Ŝz constructed from the
EM field mode operators as in Eq. (115) would be related to Stokes parameters
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Hence 〈
Ŝ 2x
〉
R
+
〈
Ŝ 2y
〉
R
=
1
2
(
〈
b̂†b̂
〉
R
+
〈
â†â
〉
R
) + (
〈
â†â
〉
R
〈
b̂†b̂
〉
R
)
=
1
2
(
〈
b̂†b̂
〉
R
(
〈
â†â
〉
R
+ 1) +
1
2
(
〈
â†â
〉
R
(
〈
b̂†b̂
〉
R
+ 1)) (187)
where the terms
〈
(̂b†)2
〉
R
, ...,
〈
(â†)2
〉
cancel out. This is the same as before.
However, 〈
Ŝ x
〉
R
=
1
2
(
〈
b̂†
〉
R
〈â〉R +
〈
â†
〉
R
〈
b̂
〉
R
)〈
Ŝ y
〉
R
=
1
2i
(
〈
b̂†
〉
R
〈â〉R −
〈
â†
〉
R
〈
b̂
〉
R
) (188)
is now non-zero, since the previously zero terms have again been retained. Hence〈
Ŝ x
〉2
R
+
〈
Ŝ y
〉2
R
=
〈
b̂†
〉
R
〈
b̂
〉
R
〈
â†
〉
R
〈â〉R (189)
so that we now have〈
∆Ŝ 2x
〉
R
+
〈
∆Ŝ 2y
〉
R
=
1
2
(
〈
b̂†b̂
〉
R
(
〈
â†â
〉
R
+ 1) +
1
2
(
〈
â†â
〉
R
(
〈
b̂†b̂
〉
R
) + 1)−
〈
b̂†
〉
R
〈
b̂
〉
R
〈â〉R
〈
â†
〉
R
〈â〉R
=
1
2
(〈
b̂†b̂
〉
R
+
〈
â†â
〉
R
)
+
(〈
b̂†b̂
〉
R
(
〈
â†â
〉
R
− | 〈â〉R |2|
〈
b̂†
〉
R
|2
)
(190)
But from the Schwarz inequality - which is based on
〈
(â† − 〈â†〉)(â− 〈â〉)〉 ≥ 0
for any state
| 〈â〉R |2 ≤
〈
â†â
〉
R
|
〈
b̂
〉
R
|2 ≤
〈
b̂†b̂
〉
R
(191)
so that 〈
∆Ŝ 2x
〉
R
+
〈
∆Ŝ 2y
〉
R
≥ 1
2
(
〈
b̂†b̂
〉
R
+
〈
â†â
〉
R
) (192)
and thus from Eq. (138) it follows that for a general non entangled state〈
∆Ŝ 2x
〉
+
〈
∆Ŝ 2y
〉
≥
∑
R
PR
1
2
(〈n̂b〉R + 〈n̂a〉R) (193)
However, half the expectation value of the number operator is
1
2
〈
N̂
〉
=
1
2
〈(n̂a + n̂b)〉 =
∑
R
PR
1
2
(〈n̂b〉R + 〈n̂a〉R) (194)
so for a non-entangled state〈
∆Ŝ 2x
〉
+
〈
∆Ŝ 2y
〉
≥ 1
2
〈
N̂
〉
(195)
This inequality for non-entangled states is given in [32] (see Eq. (3)). The
above proof was based on a different definition of entangled states to that in
this paper.
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6.1.2 Validity of Hillery Test for Local SSR Compatible Non-Entangled
States
However, it turns out that the same inequality is also valid when the definition
of entangled states is the same as in the present paper. We would then find that〈
Ŝ x
〉
R
=
〈
Ŝ y
〉
R
= 0 and hence
〈
∆Ŝ 2x
〉
R
+
〈
∆Ŝ 2y
〉
R
=
1
2
(〈
b̂†b̂
〉
R
+
〈
â†â
〉
R
)
+
(〈
b̂†b̂
〉
R
(
〈
â†â
〉
R
)
(196)
instead of Eq.(190). Since the term
〈
b̂†b̂
〉
R
(
〈
â†â
〉
R
is always positive we find
after applying Eq. (138) that〈
∆Ŝ 2x
〉
+
〈
∆Ŝ 2y
〉
≥ 1
2
〈
N̂
〉
(197)
which is the same as in Eq. (195). Hence, finding that
〈
∆Ŝ 2x
〉
+
〈
∆Ŝ 2y
〉
<
1
2
〈
N̂
〉
would show that the state was entangled, irrespective of whether or not
entanglement is defined in terms of non-physical unentangled states. The Hillery
et al [32] entanglement test〈
∆Ŝ 2x
〉
+
〈
∆Ŝ 2y
〉
<
1
2
〈
N̂
〉
(198)
is still used in recent papers, for example [62], [83] which deal with the entan-
glement of sub-systems each consisting of single modes â, b̂ for a double well
situation (in these papers Ŝ x → ĴXAB, Ŝ y → −ĴYAB, Ŝ z → −ĴZAB).
6.1.3 Non-Applicable Entanglement Test Involving |
〈
Ŝ z
〉
|
Previously we had found for a general non-entangled state that is based on
physically valid density operators ρ̂AR, ρ̂
B
R〈
∆Ŝ 2x
〉
− 1
2
|
〈
Ŝ z
〉
| ≥ 0〈
∆Ŝ 2y
〉
− 1
2
|
〈
Ŝ z
〉
| ≥ 0 (199)
so that the sum of the variances satisfies the inequality〈
∆Ŝ 2x
〉
+
〈
∆Ŝ 2y
〉
≥ |
〈
Ŝ z
〉
| (200)
This is another correct inequality required for a non-entangled state as defined
in the present paper. It follows that if only physical states ρ̂AR, ρ̂
B
R are allowed,
the related entanglement test involving
〈
∆Ŝ 2x
〉
+
〈
∆Ŝ 2y
〉
would be〈
∆Ŝ 2x
〉
+
〈
∆Ŝ 2y
〉
< |
〈
Ŝ z
〉
| (201)
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For any quantum state we have
|
〈
Ŝ z
〉
| = 1
2
| (〈n̂b〉 − 〈n̂a〉) | ≤ 1
2
(〈n̂b〉+ 〈n̂a〉) = 1
2
〈
N̂
〉
(202)
which means that it is now required that
〈
∆Ŝ 2x
〉
+
〈
∆Ŝ 2y
〉
be less than a
quantity that is smaller than in the criterion in (195).
However, it should be noted that all states, entangled or otherwise, satisfy
the inequality
〈
∆Ŝ 2x
〉
+
〈
∆Ŝ 2y
〉
≥ |
〈
Ŝ z
〉
| so the inequality in (200) - though
true, is of no use in establishing whether a state is entangled in the terms of the
meaning of entanglement in the present paper. There are no quantum states,
entangled or otherwise that satisfy the proposed entanglement test given in Eq.
(201). This general result was stated by Hillery et al [32]. To show this we write
the Heisenberg uncertainty principle for
〈
∆Ŝ 2x
〉
,
〈
∆Ŝ 2y
〉
as
〈
∆Ŝ 2x
〉〈
∆Ŝ 2y
〉
=
ξ 14 |
〈
Ŝ z
〉
|2, where ξ ≥ 1, then〈
∆Ŝ 2x
〉
+
〈
∆Ŝ 2y
〉
|
〈
Ŝ z
〉
|
=
1
2
(
y +
ξ
y
)
= F (y) where y =
〈
∆Ŝ 2x
〉
1
2 |
〈
Ŝ z
〉
|
(203)
It is straightforward to show that F (y) ≥ 1 for all ξ, y. The minimum value is
1, which occurs for ξ = 1 and y = 1. Even spin squeezed states with
〈
∆Ŝ 2x
〉
<
1
2 |
〈
Ŝ z
〉
| still have
〈
∆Ŝ 2x
〉
+
〈
∆Ŝ 2y
〉
≥ |
〈
Ŝ z
〉
| , so it is never found that〈
∆Ŝ 2x
〉
+
〈
∆Ŝ 2y
〉
< |
〈
Ŝ z
〉
| and hence this latter inequality cannot used as a
test for entanglement.
Fortunately - as we have seen, showing that spin squeezing occurs via either〈
∆Ŝ 2x
〉
< 12 |
〈
Ŝ z
〉
| or
〈
∆Ŝ 2y
〉
< 12 |
〈
Ŝ z
〉
| is sufficient to establish that the
state is an entangled state for modes â, b̂, with analogous results if principle
spin operators are considered. Applying the Hillery et al entanglement test in
Eq. (198) involving 12
〈
N̂
〉
is also a valid entanglement test, but is usually less
stringent than the spin squeezing test involving either
〈
∆Ŝ 2x
〉
< 12 |
〈
Ŝ z
〉
| or〈
∆Ŝ 2y
〉
< 12 |
〈
Ŝ z
〉
|. For the Hillery et al entanglement test to be satisfied at
least one of
〈
∆Ŝ 2x
〉
or
〈
∆Ŝ 2y
〉
is required to be less than 12
〈
N̂
〉
, whereas for
the spin squeezing test to apply at least one of
〈
∆Ŝ 2x
〉
or
〈
∆Ŝ 2y
〉
must be less
than 12 |
〈
Ŝ z
〉
|. The quantity 12 |
〈
Ŝ z
〉
| is likely to be smaller than 12
〈
N̂
〉
-
for example the Bloch vector may lie close to the xy plane, so a greater degree
of reduction in spin fluctuation is needed to satisfy the spin squeezing test for
entanglement.
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However, this is not always the case as the example of the relative phase state
discussed in SubSection 5.5 shows. The results in the current SubSection can
easily be modified to apply to new spin operators Ĵx, Ĵy, Ĵz , with entanglement
being considered for new modes ĉ and d̂. The Hillery et al [32] entanglement
test then becomes 〈
∆Ĵ 2x
〉
+
〈
∆Ĵ 2y
〉
<
1
2
〈
N̂
〉
(204)
In the case of the relative phase eigenstate we have from Eq. (177) that
〈
∆Ĵ 2x
〉
+〈
∆Ĵ 2y
〉
= 112N
2+ 14+
1
8 lnN ≈ 112N2 for largeN . This clearly exceeds 12
〈
N̂
〉
=
1
2N , so the Hillery et al [32] test for entanglement fails. On the other hand, as we
have seen in SubSection 5.5
〈
∆Ĵ 2y
〉
< 12 |
〈
Ĵ z
〉
| ≈ pi16N , so the spin squeezing
test is satisfied for this entangled state of modes ĉ and d̂.
6.2 Hillery et al 2009
6.2.1 Hillery Strong Correlation Entanglement Test
In a later paper entitled ”Detecting entanglement with non-Hermitian opera-
tors” Hillery et al [33] apply other inequalities for determining entanglement
derived in the earlier paper [32] but now also to systems of massive identical
bosons, while still retaining .density operators ρ̂AR, ρ̂
B
R that contain coherences
between states with differing boson numbers. In particular, for a non-entangled
state the following family of inequalities - originally derived in [32], is invoked.
|
〈
(â)m (̂b†)n
〉
|2 ≤
〈
(â†)m(â)m (̂b†)n(̂b)n
〉
(205)
Thus if |
〈
(â)m (̂b†)n
〉
|2 >
〈
(â†)m(â)m (̂b†)n (̂b)n
〉
then the state is entangled.
A particular case for n = m = 1 is the test |
〈
â b̂†
〉
|2 > 〈n̂a n̂b〉 for an
entangled state. To put this result in context, for a general quantum state and
any operator Ω̂ we have
〈
Ω̂†
〉
=
〈
Ω̂
〉∗
and
〈(
Ω̂† −
〈
Ω̂†
〉)(
Ω̂−
〈
Ω̂
〉)〉
≥ 0,
hence leading to the Schwarz inequality |
〈
Ω̂
〉
|2 = |
〈
Ω̂†
〉
|2 ≤
〈
Ω̂† Ω̂
〉
. Taking
Ω̂ = â b̂† leads to the inequality |
〈
â b̂†
〉
|2 ≤ 〈n̂a (n̂b + 1)〉, whilst choosing
Ω̂ = b̂ â† leads to the inequality |
〈
â b̂†
〉
|2 ≤ 〈(n̂a + 1) n̂b〉 for all quantum
states. In both cases the right side of the inequality is greater than 〈n̂a n̂b〉, so
if it was found that |
〈
â b̂†
〉
|2 > 〈n̂a n̂b〉 (though of course still ≤ 〈n̂a (n̂b + 1)〉
and ≤ 〈(n̂a + 1) n̂b〉) then it could be concluded that the state was entangled.
However,. as we will see the left side |
〈
â b̂†
〉
|2 actually works out to be zero if
physical states for ρ̂AR, ρ̂
B
R are involved in defining non-entangled states, so that
for a non-entangled state defined as in the present paper the true inequality
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replacing |
〈
â b̂†
〉
|2 ≤ 〈n̂a n̂b〉 is just 0 ≤ 〈n̂a n̂b〉, which is trivially true for any
quantum state. The test for entanglement requires modification.
The derivation of the general inequality in [32], as in Eq. (205) follows
directly from the inequality in Eq. (78) obtained in SubSection 2.8 for a general
non-entangled state of sub-systems A and B. If we choose Ω̂A = (â)
m and Ω̂B =
(̂b)n then from |
〈
Ω̂A ⊗ Ω̂†B
〉
|2 ≤
〈
Ω̂†AΩ̂A ⊗ Ω̂†BΩ̂B
〉
the result of Hillery et al
[32] stated in Eq. (205) immediately follows. The Hillery et al [32] entanglement
test is that if
|
〈
(â)m (̂b†)n
〉
|2 >
〈
(â†)m(â)m (̂b†)n(̂b)n
〉
(206)
then it may be concluded that the state is an entangled state for sub-systems
A and B. Note that the proof of this result did not depend on the sub-system
density operators ρ̂AR, ρ̂
B
R being required to satisfy SSR.
6.2.2 Correlation Test for Local SSR Compatible Non-Entangled
States
However, for a non-entangled state based on physical ρ̂AR, ρ̂
B
R for modes â and b̂
where the SSR is satisfied we actually have〈
(â)m (̂b†)n
〉
=
∑
R
PR
〈
(â)m (̂b†)n
〉
R
=
∑
R
PR 〈(â)m〉R
〈
(̂b†)n
〉
R
= 0 (207)
since from Eqs. analogous to (135) 〈(â)m〉R =
〈
(̂b†)n
〉
R
= 0. Hence for a phys-
ical non-entangled state as defined in the present paper the inequality becomes
0 ≤
〈
(â†)m(â)m (̂b†)n(̂b)n
〉
(208)
which is trivially true and applies for any state, entangled or not.
Since
〈
(â)m (̂b†)n
〉
is zero for non-entangled states it follows that it is merely
necessary to show that this quantity is non-zero to establish that the state is
entangled. Hence an entanglement test in the case of sub-systems consisting of
single modes â and b̂ becomes
|
〈
(â)m (̂b†)n
〉
|2 > 0 (209)
for a non-entangled state based on physical ρ̂AR, ρ̂
B
R . This is a useful criterion
for entanglement in terms the definition of entanglement in the present pa-
per, and is different to that of Hillery et al [32]. The Hillery et al [32] entan-
glement test |
〈
(â)m (̂b†)n
〉
|2 >
〈
(â†)m(â)m (̂b†)n(̂b)n
〉
is also a valid test for
entanglement and is actually a more stringent test than merely showing that
|
〈
(â)m (̂b†)n
〉
|2 > 0, since the quantity |
〈
(â)m (̂b†)n
〉
|2 is now required to be
larger. In a paper by He et al [62] (see Section IIIA) the Hillery et al [32]
entanglement test |
〈
(â)m (̂b†)n
〉
|2 >
〈
(â†)m(â)m (̂b†)n (̂b)n
〉
is applied for the
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case where A and B each consist of one mode localised in each well of a double
well potential. This test whilst applicable could be replaced by the more easily
satisfied test |
〈
(â)m (̂b†)n
〉
|2 > 0. However, as will be seen below in SubSection
6.6, Hillery et al [32] entanglement criterion is needed if the sub-systems each
consist of pairs of modes, as treated in [84], [62].
6.2.3 Applications of Correlation Tests for Entanglement
As an example of applying these tests consider the mixed two mode coherent
states described in SubSection 3.3.6, whose density operator for the two mode
â, b̂ system is given in Eq. (106). We can now examine the Hillery et al [33]
entanglement test in Eq.(206) and the entanglement test in Eq.(209) for the
case where m = n = 1. It is straight-forward to show that
|
〈
â b̂†
〉
|2 = |α|4〈
(â†â) (̂b†b̂)
〉
= |α|4 (210)
so that |
〈
â b̂†
〉
|2 =
〈
(â†â) (̂b†b̂)
〉
. A non-entangled state defined in terms of
the SSR requirement for the separate modes satisfies |
〈
â b̂†
〉
|2 = 0, whilst for
a non-entangled state in which the SSR requirement for separate modes is not
specifically required merely satisfies |
〈
â b̂†
〉
|2 ≤
〈
(â†â) (̂b†b̂)
〉
. Hence the test
for entanglement of modes A, B in the present paper |
〈
â b̂†
〉
|2 > 0 is satisfied,
whilst the Hillery et al [33] test |
〈
â b̂†
〉
|2 >
〈
(â†â) (̂b†b̂)
〉
is not.
In terms of the definition of non-entangled states in the present paper, the
mixture of two mode coherent states given in Eq.(106) is an entangled state, not
a separable state. However, in terms of the definition of non-entangled states
in other papers such as those of Hillery et al [32], [33] the mixture of two mode
coherent states would be a non-entangled state. It is thus a useful state for
providing an example of the different outcomes of definitions where the local
SSR is applied or not.
6.3 Sorensen et al 2001
6.3.1 Sorensen Spin Squeezing Entanglement Test
In a paper entitled ”Many-particle entanglement with Bose-Einstein conden-
sates” Sorensen et al [45] consider the implications for spin squeezing for non-
entangled states of the form in Eq. (79). As discussed previously, a density
operator of this general form is not consistent with the symmetrisation princi-
ple - having separate density operators ρ̂iR for specific particles i in an identical
particle system (such as for a BEC) is not compatible with the indistinguishabil-
ity of such particles. It is modes that are distinguishable, not identical particles,
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so the basis for applying their results to systems of identical bosons is flawed.
However, they derive an inequality for the spin variance
〈
∆Ŝ 2z
〉
〈
∆Ŝ 2z
〉
≥ 1
N
(〈
Ŝ x
〉2
+
〈
Ŝ y
〉2)
(211)
that applies in the case of non-entangled states. Key steps in their derivation
are stated in the Appendix to [45], but as the justification of these steps is
not obvious for completeness the full derivation is given in Appendix 17 of the
present paper. This inequality (211) establishes that if
ξ2 =
〈
∆Ŝ 2z
〉
(〈
Ŝ x
〉2
+
〈
Ŝ y
〉2) < 1N (212)
then the state is entangled, so that if the condition for spin squeezing analogous
to that in Eq. (124) is satisfied, then entanglement is required if spin squeezing
for Ŝ z to occur. Spin squeezing is then a test for entanglement in terms of
their definition of an entangled state. Note that the condition (124) requires
the Bloch vector to be in the xy plane and close to the Bloch sphere of radius
N/2.
6.3.2 Revising Sorensen Spin Squeezing Entanglement Test - Lo-
calised Modes
The work of Sorensen et al really applies only when the individual spins are
distinguishable. It is possible however to modify the work of Sorensen et al [45]
to apply to a system of identical bosons in accordance with the symmetrisation
and super-selection rules if the index i is re-interpreted as specifying diffferent
modes, for example modes localised on optical lattice sites i = 1, 2, .., N . Details
are given in Appendix 18. With two single particle states a, b available on each
site (these could be two different internal atomic states or two distinct spatial
modes localised on the site) the modes would then be labelled |φαi〉 with α = a, b.
The mode orthogonality and completeness relations would then be〈
φα i|φβ j
〉
= δαβδij∑
αi
|φα i〉 〈φα i| = 1̂ (213)
With the particles now labelled K = 1, 2, 3, ...one can define spin operators in
first quantization via
Ŝx =
∑
K
∑
i
(|φb i(K)〉 〈φa i(K)|+ |φa i(K)〉 〈φb i(K)|)/2
Ŝy =
∑
K
∑
i
(|φb i(K)〉 〈φa i(K)| − |φa i(K)〉 〈φb i(K)|)/2i
Ŝz =
∑
K
∑
i
(|φb i(K)〉 〈φb i(K)| − |φa i(K)〉 〈φa i(K)|)/2 (214)
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In second quantization if the annihilation, creation operators for the modes |φai〉
,|φbi〉 are âi, b̂i and â†i , b̂†i respectively, then the Schwinger spin operators are
just
Ŝx =
∑
i
(̂b†i âi + â
†
i b̂i)/2 =
∑
i
Ŝix
Ŝy =
∑
i
(̂b†i âi − â†i b̂i)/2i =
∑
i
Ŝiy
Ŝz =
∑
i
(̂b†i b̂i − â†i âi)/2 =
∑
i
Ŝiz (215)
It is easy to confirm that the overall spin operators Ŝα and the spin operators
Ŝiα for the separate pairs of modes |φai〉 ,|φbi〉 (or âi, b̂i for short) satisfy the
same commutation rules as Sorensen et al [45] have for the overall spin operators
and those for the separate particles. With this modification the non-entangled
state in Eq. (79) could be interpreted as being a non-entangled state where the
subsystems are actually pairs of modes |φai〉 ,|φbi〉 and the density operators
ρ̂iR would then refer to a subsystem consisting of these pairs of modes. It is to
be noted that entanglement of pairs of modes is different to entanglement of
all separate modes. It is an example of a special kind of multimode entangle-
ment - since the modes |φai〉 ,|φbi〉 may themselves be entangled we may have
”entanglement of entanglement”. In terms of the present paper the density op-
erators ρ̂iR would be restricted by the super-selection rule to statistical mixtures
of states with specific total numbers Ni of bosons in the pair of modes |φai〉
,|φbi〉. In terms of Fock states |na i〉 , |nb i〉 for this pair of modes the allowed
quantum states for the sub-system will be
|ΦNi〉 =
Ni∑
k=0
ANik |k〉a i |Ni − k〉b i (216)
so at this stage the general mixed physical state for the two mode system could
be
ρ̂iR =
∞∑
Ni=0
∑
Φ
PΦNi
Ni∑
k=0
Ni∑
l=0
ANik (A
N
l )
∗ |k〉a i 〈l|a i ⊗ |Ni − k〉b i 〈Ni − l|b i (217)
This state has no coherences between states of the two mode subsystem with
differing total boson number Ni for the pair of modes. However this is still an
entangled states for the two modes |φai〉 ,|φbi〉, so the overall state in Eq. (79)
is not a non-entangled state if the subsystems were to consist of all the distinct
modes.
6.3.3 Revising Sorensen Spin Squeezing Entanglement Test - Sepa-
rable State of Single Modes
It is possible however to link spin squeezing and entanglement in the case where
the sub-systems consist of all the distinct modes. To obtain a fully non-entangled
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state of all the modes |φai〉 ,|φbi〉 the density operator ρ̂iR must then be a product
of density operators for modes |φai〉 and |φbi〉
ρ̂iR = ρ̂
a i
R ⊗ ρ̂b iR (218)
giving the full density operator as
ρ̂ =
∑
R
PR
(
ρ̂a 1R ⊗ ρ̂b 1R
)
⊗
(
ρ̂a 2R ⊗ ρ̂b 2R
)
⊗
(
ρ̂a 3R ⊗ ρ̂b 3R
)
⊗ . (219)
as is required for a general non-entangled state all 2N modes. Furthermore,
as previously the density operators for the individual modes must represent
possible physical states for such modes, so the super-selection rule for atom
number will apply and we have
〈(âi)n〉a i = Tr(ρ̂a iR (âi)n) = 0
〈
(â†i )
n
〉
a i
= Tr(ρ̂a iR (â
†
i )
n) = 0〈
(̂bi)
m
〉
b i
= Tr(ρ̂b iR (̂bi)
m) = 0
〈
(̂b†i )
m
〉
b i
= Tr(ρ̂b iR (̂b
†
i )
m) = 0
(220)
The question is whether this reformulation will lead to a useful inequality
for the spin variances such as
〈
∆Ŝ 2x
〉
. This issue is dealt with in Appendix
18 and it is found that we can indeed show for the general fully non-entangled
state (219) that〈
∆Ŝ 2x
〉
≥ 1
2
|
〈
Ŝ z
〉
| and
〈
∆Ŝ 2y
〉
≥ 1
2
|
〈
Ŝ z
〉
| (221)
This shows that if there is spin squeezing in either Ŝ x or Ŝ y then the state must
be entangled. Note that this result depends on the general non-entangled state
being non-entangled for all modes and that the density operator for each mode
âi or b̂i being a physical state with no coherences between mode Fock states with
differing atom numbers. In terms of the revised interpretation of the density
operator to refer to a multi-mode system with modes |φai〉 ,|φbi〉 the statement
that spin squeezing for systems of identical massive bosons requires all the modes
to be entangled is correct. However superposition states of the form (216) that
are consistent with the super-selection rule applying to pure states of a two mode
system are precluded, and such states ought to be allowed if entanglement of
pairs of modes rather than of separate modes is to be considered.
6.3.4 Revising Sorensen Spin Squeezing Entanglement Test - Sepa-
rable State of Pairs of Modes with One Boson Occupancy
It is also possible however to link spin squeezing and entanglement in the case
where the subsystems consist of pairs of modes, but only if further restrictions
are applied. The general non-entangled state of the pairs of modes would actu-
ally be of the form
ρ̂ =
∑
R
PR ρ̂
1
R ⊗ ρ̂2R ⊗ ρ̂3R ⊗ ... (222)
89
where the ρ̂iR are now of the form given in Eq. (217) and no longer are density
operators for the ith identical particle. Unlike in (220) we now have expectation
values 〈(âi)n〉 i = Tr(ρ̂ iR(âi)n) etc that are non-zero, so considerations of the
link between spin squeezing and entanglement - now entanglement of pairs of
modes, willl be different.
If the density operators ρ̂iR associated with the pair of modes âi, b̂i are all
restricted to be associated with one boson states then this density operator is
of the form
ρ̂iR = ρ
i
aa(|1〉ia 〈1|ia ⊗ |0〉ib 〈0|ib) + ρiab(|1〉ia 〈0|ia ⊗ |0〉ib 〈1|ib)
+ρiba(|0〉ia 〈1|ia ⊗ |1〉ib 〈0|ib) + ρibb(|0〉ia 〈0|ia ⊗ |1〉ib 〈1|ib)
(223)
where the ρief are density matrix elements. With this restriction the pair of
modes âi, b̂i behave like distinguishable two state particles, essentially the case
that Sorensen et al [45] implicitly considered. The expectation values for the
spin operators Ŝix, Ŝ
i
y and Ŝ
i
z associated with the ith pair of modes are then〈
Ŝix
〉
R
=
1
2
(
ρiab + ρ
i
ba
) 〈
Ŝiy
〉
R
=
1
2i
(
ρiab − ρiba
)
〈
Ŝiz
〉
R
=
1
2
(
ρibb − ρiaa
)
(224)
If in addition Hermitiancy, positivity, unit trace Tr(ρ̂iR) = 1 and Tr(ρ̂
i
R)
2 ≤
1 are used (see Appendix 17) then we can show that ρibb and ρ
i
aa are real and
positive, ρiab = (ρ
i
ba)
∗ and ρiaaρ
i
bb − |ρiab|2 ≥ 0. The condition Tr(ρ̂iR) = 1 leads
to ρiaa + ρ
i
bb = 1, from which Tr(ρ̂
i
R)
2 ≤ 1 follows using the previous positivity
results. These results enable the matrix elements in (223) to be parameterised
in the form
ρiaa = sin
2 αi ρ
i
bb = cos
2 αi
ρiab =
√
sin2 αi cos2 αi sin
2 βi exp(+iφi) ρ
i
ba =
√
sin2 αi cos2 αi sin
2 βi exp(−iφi)
(225)
where αi, βi and φi are real. In terms of these quantities we then have〈
Ŝix
〉
R
=
1
2
sin 2αi sin
2 βi cosφi
〈
Ŝiy
〉
R
=
1
2
sin 2αi sin
2 βi sinφi〈
Ŝiz
〉
R
=
1
2
cos 2αi (226)
and then a key inequality〈
Ŝix
〉2
R
+
〈
Ŝiy
〉2
R
+
〈
Ŝiz
〉2
R
=
1
4
− 1
4
sin2 2αi (1 − sin4 βi ) ≤
1
4
(227)
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follows. This result depends on the density operators ρ̂iR being for one boson
states, as in (223). The same steps as in Sorensen et al [45] (see Appendix 17)
leads to the result 〈
∆Ŝ 2z
〉
≥ 1
N
(〈
Ŝ x
〉2
+
〈
Ŝ y
〉2)
(228)
for non-entangled pair of modes âi, b̂i. Thus when the interpretation is changed
so that are the separate sub-systems are these pairs of modes and the sub-
systems are in one boson states, it follows that spin squeezing requires entan-
glement of all the mode pairs.
A similar proof extending the test of Sorensen et al [45] to appply to systems
of identical bosons is given by Hyllus et al [48] based on a particle entanglement
approach. In their approach bosons in differing external modes (analogous to
differing i here) are treated as distinguishable, and the symmetrization principle
is ignored for such bosons.
6.4 Sorensen and Molmer 2001
In a paper entitled ”Entanglement and Extreme Spin Squeezing” Sorensen and
Molmer [85] first consider the limits imposed by the Heisenberg uncertainty
principle on the variance
〈
∆Ĵ 2x
〉
considered as a function of |
〈
Ĵ z
〉
| for states
where the spin operators are chosen such that
〈
Ĵ x
〉
=
〈
Ĵ y
〉
= 0. Note that
such spin operators can always be chosen so that the Bloch vector does lie along
the z axis, even if the spin operators are not principal spin operators. Their
treatment is based on combining the result from the Schwarz inequality〈
Ĵ 2x
〉
+
〈
Ĵ 2y
〉
+
〈
Ĵ z
〉2
≤ J(J + 1) (229)
where J = N/2, and the Heisenberg uncertainty principle〈
∆Ĵ 2x
〉〈
∆Ĵ 2y
〉
= ξ
1
4
|
〈
Ĵ z
〉
|2 (230)
where ξ ≥ 1. In fact two inequalities can be obtained
〈
∆Ĵ 2x
〉
≥ 1
2

(
J(J + 1)−
〈
Ĵ z
〉2)
−
√(
J(J + 1)−
〈
Ĵ z
〉2)2
− ξ
〈
Ĵ z
〉2
(231)〈
∆Ĵ 2x
〉
≤ 1
2

(
J(J + 1)−
〈
Ĵ z
〉2)
+
√(
J(J + 1)−
〈
Ĵ z
〉2)2
− ξ
〈
Ĵ z
〉2
(232)
which restricts the region in a
〈
∆Ĵ 2x
〉
versus |
〈
Ĵ z
〉
| plane that applies for
states that are consistent with the Heisenberg uncertainty principle. The first
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of these two inequalities is given as Eq. (3) in [85]. For states in which Ĵ x is
squeezed relative to Ĵ y the points in the
〈
∆Ĵ 2x
〉
versus |
〈
Ĵ z
〉
| plane must also
satisfy 〈
∆Ĵ 2x
〉
≤ 1
2
|
〈
Ĵ z
〉
| (233)
Note that as Ĵ z is a spin angular momentum component we always have
|
〈
Ĵ z
〉
| ≤ J , which places an overall restriction on |
〈
Ĵ z
〉
|. However, for
ξ > 1 there are values of |
〈
Ĵ z
〉
|.which are excluded via the Heisenberg un-
certainty principle, since the quantity
(
J(J + 1)−
〈
Ĵ z
〉2)2
− ξ
〈
Ĵ z
〉2
then
becomes negative. This effect is seen in Figure 4.
The question is: Is it possible to find values for
〈
∆Ĵ 2x
〉
and |
〈
Ĵ z
〉
| in
which all three inequalities are satisfied? The answer is yes. Results showing
the regions in the
〈
∆Ĵ 2x
〉
versus |
〈
Ĵ z
〉
| plane corresponding to the three
inequalities are shown in Figures 2 and 3 for the cases where J = 1000 and with
ξ = 1.0 and ξ = 10.0 respectively. The quantities for which the regions are shown
are the scaled variance and mean
〈
∆Ĵ 2x
〉
/J and |
〈
Ĵ z
〉
|/J , with
〈
∆Ĵ 2x
〉
given
as a function of |
〈
Ĵ z
〉
| via (231), (232) and (233). The spin squeezing region
is always consistent with the second Heisenberg inequality (232) and for large
J = 1000 there is a large region of overlap with the first inequality (231). For
small J and large ξ the region of overlap becomes much smaller, as the result in
Figure 4 for J = 1 and with ξ = 10.0 shows. As the derivation of the Heisenberg
principle inequalities is not obvious, this is set out in Appendix.19.
Sorensen and Molmer [85] also determine the minimum for
〈
∆Ĵ 2x
〉
=
〈
Ĵ 2x
〉
as a function of |
〈
Ĵ z
〉
| for various choices of J , subject to the constraints〈
Ĵ x
〉
=
〈
Ĵ y
〉
= 0. The results show again that there is a region in the〈
∆Ĵ 2x
〉
versus |
〈
Ĵ z
〉
| plane which is compatible with spin squeezing.
So although these considerations show that the Heisenberg uncertainty prin-
ciple does not rule out spin squeezing, nothing is determined about whether the
spin squeezed states are entangled states for modes ĉ, d̂ , where the Ĵα are
given as in Eq. (129). The discussion in [85] regarding entanglement is based
on the physically incorrect density operator for non-entangled states of identical
particles in Eq. (79), discussed in the previous section.
6.5 Duan et al 2000
A further inequality aimed at providing a signature for entanglement is set out
in the papers by Duan et al [86], Toth et al [87]. For simplicity we only set out
the case for which a = 1 in the former paper. This inequality involves position
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and momentum like Hermitian operators defined by
x̂A =
1√
2
(â+ â†) p̂A =
1√
2i
(â− â†)
x̂B =
1√
2
(̂b + b̂†) p̂B =
1√
2i
(̂b − b̂†) (234)
These are essentially quadrature operators and satisfy commutation rules [x̂A, p̂A] =
[x̂B, p̂B] = i similar to those for position and momentum. An inequality is ob-
tained for a general two mode non-entangled state involving the variances for
the commuting observables x̂A + x̂B and p̂A − p̂B〈
∆(x̂A + x̂B)
2
〉
+
〈
∆(p̂A − p̂B)2
〉 ≥ 2 (235)
which could be used to establish a quadrature variance test for entangled states
of the mode A and mode B sub-systems, so that if〈
∆(x̂A + x̂B)
2
〉
+
〈
∆(p̂A − p̂B)2
〉
< 2 (236)
then the modes are entangled. Such states are possible - consider for example
any simultaneous eigenstate of the commuting observables x̂A + x̂B and p̂A −
p̂B. For such a state
〈
∆(x̂A + x̂B)
2
〉
and
〈
∆(p̂A − p̂B)2
〉
are both zero, so the
simultaneous eigenstates are entangled states of modes A, B.
To confirm whether the inequality (235) applies for non-entangled states
(161) in which the sub-system states ρ̂AR, ρ̂
B
R are physical, the general variance
result in Eq. (138) plus the factorisations 〈x̂Ax̂B〉R = 〈x̂A〉R 〈x̂B〉R and 〈p̂Ap̂B〉R
= 〈p̂A〉R 〈p̂B〉R are first used to show that〈
∆(x̂A + x̂B)
2
〉
+
〈
∆(p̂A − p̂B)2
〉
≥
∑
R
PR
(〈
x̂A
2
〉
R
− 〈x̂A〉2R +
〈
x̂B
2
〉
R
− 〈x̂B〉2R +
〈
p̂A
2
〉
R
− 〈p̂A〉2R +
〈
p̂B
2
〉
R
− 〈p̂B〉2R
)
(237)
For sub-system states ρ̂AR, ρ̂
B
R that are physical we have in addition 〈x̂A〉R =
〈x̂B〉R = 〈p̂A〉R = 〈p̂B〉R = 0. Also using
〈
â2
〉
R
=
〈
(â†)2
〉
R
=
〈
b̂2
〉
R
=〈
(̂b†)2
〉
R
= 0 for physical states we find for the remaining terms in Eq.(237)
that 〈
x̂A
2
〉
R
=
1
2
(〈
â2
〉
R
+
〈
(â†)2
〉
R
+ 1 + 2
〈
â† â
〉
R
) ≥ 1
2〈
x̂B
2
〉
R
=
1
2
(〈
b̂2
〉
R
+
〈
(̂b†)2
〉
R
+ 1 + 2
〈
b̂† b̂
〉
R
)
≥ 1
2〈
p̂A
2
〉
R
= −1
2
(〈
â2
〉
R
+
〈
(â†)2
〉
R
− 1− 2 〈â† â〉
R
) ≥ 1
2〈
p̂B
2
〉
R
= −1
2
(〈
b̂2
〉
R
+
〈
(̂b†)2
〉
R
− 1− 2
〈
b̂† b̂
〉
R
)
≥ 1
2
(238)
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Substituting these results into Eq.(237) establishes the validity of (235) for non-
entangled states in which the ρ̂AR, ρ̂
B
R are physical sub-system states. As there
are entangled states that violate the inequality (235), this inequality is valid for
determining whether a state is entangled.
6.6 He et al 2012
In two papers dealing with EPR entanglement He et al [84], [62] a four mode
system associated with a double well potential is considered. In the left well A
there are two localised modes with annihilation operators â1, â2 and in the right
well B there are two localised modes with annihilation operators b̂1, b̂2. The
modes in each well could be associated with different internal states or they could
be associated with different spatial modes of the same internal state. This four
mode system provides for the possibility of entanglement of two sub-systems
each consisting of pairs of modes. With four modes there are three different
choices of such sub-systems but perhaps the most interesting from the point of
view of entanglement of spatially separated modes - and hence implications for
EPR entanglement - would be to have the two left well modes â1, â2 as sub-
system A and the two right well modes b̂1, b̂2 as sub-system B. Consistent with
the requirement that the sub-system density operators ρ̂AR, ρ̂
B
R conform to the
symmetrisation principle and the super-selection rule, these density operators
may now be of the form given in Eq. (111). Hence as discussed in Sub-System
3.4.2, when considering non-entangled states for the sub-systems A and B we
now have as in Eq. (114)
〈(âi)n〉A = Tr(ρ̂AR(âi)n) 6= 0
〈
(â†i )
n
〉
A
= Tr(ρ̂AR(â
†
i )
n) 6= 0〈
(̂bj)
m
〉
B
= Tr(ρ̂BR (̂bj)
m) 6= 0
〈
(̂b†j)
m
〉
B
= Tr(ρ̂BR (̂b
†
j)
m) 6= 0
(239)
in general. Hence in this case where the sub-systems are pairs of modes the
entanglement test in Eq. (209) for sub-systems consisting of single modes cannot
be applied.
6.6.1 Correlation Tests for Entanglement
However, the inequalities derived by Hillery et al [33] (see SubSection 6.2)
|
〈
(âi)
m (̂b†j)
n
〉
|2 ≤
〈
(â†i )
m(âi)
m (̂b†j)
n (̂bj)
n
〉
(240)
that apply for two non-entangled sub-systems A and B can now be usefully
applied, since in this case the quantities
〈
(âi)
m (̂b†j)
n
〉
are in general no longer
zero. Thus there is an entanglement test for two sub-systems consisting of pairs
of modes. If
|
〈
(âi)
m (̂b†j)
n
〉
|2 >
〈
(â†i )
m(âi)
m (̂b†j)
n (̂bj)
n
〉
for any of i, j = 1, 2 (241)
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then the quantum state for two sub-systems A and B - each consisting of two
modes localised in each well - is entangled.
6.6.2 Spin Squeezing Tests for Entanglement
There are numerous choices for defining spin operators but the most useful
would be the local spin operators for each well [62] defined by
ŜAx = (â
†
2â1 + â
†
1â2)/2 Ŝ
A
y = (â
†
2â1 − â†1â2)/2i ŜAz = (â†2â2 − â†1â1)/2
ŜBx = (̂b
†
2b̂1 + b̂
†
1b̂2)/2 Ŝ
B
y = (̂b
†
2b̂1 − b̂†1b̂2)/2i ŜBz = (̂b†2b̂2 − b̂†1b̂1)/2
(242)
These satisfy the usual angular momentum commutation rules and those or the
different wells commute. The squares of the local vector spin operators are
related to the total number operators N̂A = â
†
2â2 + â
†
1â1 and N̂B = b̂
†
2b̂2 + b̂
†
1b̂1
as
∑
α
(ŜAα )
2 = ( N̂A/2)(N̂A/2 + 1) and
∑
α
(ŜBα )
2 = ( N̂B/2)(N̂B/2 + 1).
For the local spin operators we have in general〈
ŜAα
〉
A
= Tr(ρ̂AR Ŝ
A
α ) 6= 0
〈
ŜBα
〉
B
= Tr(ρ̂BR Ŝ
B
α ) 6= 0 (243)
since the pair of modes â1, â2 and/or b̂1, b̂2 may now be of the form given in
Eq. (111).
In SubSection 2.8 it was shown that |
〈
Ω̂†AΩ̂B
〉
|2 ≤
〈
Ω̂†A Ω̂A Ω̂
†
B Ω̂B
〉
for a
non-entangled state, so with Ω̂A = Ŝ
A
− = Ŝ
A
x −iŜAy and Ω̂B = ŜB− = ŜBx −iŜBy =
(ŜB+ )
† to give
|
〈
ŜA+ Ŝ
B
−
〉
|2 ≤
〈
ŜA+ Ŝ
A
− Ŝ
B
+ Ŝ
B
−
〉
(244)
for a non-entangled state of sub-systems A and B. For the non-entangled state
of these two sub-systems we have〈
ŜA+ Ŝ
B
−
〉
=
∑
R
PR
〈
ŜA+
〉R
A
〈
ŜB−
〉R
B
(245)
which in general is non-zero from Eq.(243).
Hence a valid entanglement test involving spin operators for sub-systems A
and B - each consisting of two modes localised in each well exists, and is if
|
〈
ŜA+ Ŝ
B
−
〉
|2 >
〈
ŜA+ Ŝ
A
− Ŝ
B
+ Ŝ
B
−
〉
(246)
then the two sub-systems are entangled. A similar conclusion is stated in [62].
This test for entanglement involves the local spin operators, though it is not
then the same as spin squeezing criteria. It is referred to as spin entanglement.
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7 Experiments on Spin Squeezing
There are several papers [88], [89], [90] which contain the results of measuring
the spin squeezing parameter analogous to the expression in Eq. (125) and show-
ing that spin squeezing occurs. The presence of entanglement is then inferred
by reference to theoretical papers such as [45] that show that spin squeezing
only occurs for entangled states - it is an entanglement witness. As no indepen-
dent measures of entanglement (however defined) are presented, nor are other
independent tests for entanglement carried out, it cannot be said that these
paper shows experimentally that spin squeezing requires entanglement. In [90]
the emphasis is on showing how the spin squeezing can be generated via the
non-linear terms in the Josephson Hamiltonian.
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8 Discussion and Summary of Key Results
This paper is mainly concerned with two mode entanglement for systems of
identical massive bosons and the relationship to spin squeezing. These bosons
may be atoms or molecules as in cold quantum gases.
A careful analysis is first given regarding the proper definition of a non-
entangled state for systems of identical particles, and hence by implication the
proper definition of an entangled state. Noting that entanglement is meaningless
until the subsystems being entangled are specified, it is pointed out that whereas
it is not possible to distinguish identical particles and hence the individual
particles are not legitimate sub-systems, the same is not the case for the single
particle states or modes, so the modes are then the the rightful sub-systems to be
considered as being entangled or not. In this approach where the sub-systems
are modes, situations where there are differing numbers of identical particles
are treated as different physical states, not as differing physical systems, and
the symmetrisation principle required of physical states for identical particle
systems will be satisfied by using Fock states to describe the states.
Furthermore, it is argued that the overall physical states should conform to
the superselection rule that excludes quantum superposition states of the form
(86) as physical states for systems of identical particles - massive or otherwise.
Although the justication of the SSR in terms of observers and their reference
frames formulated by other authors has also been presented for completeness,
a number of fairly straightforward reasons were given for why it is appropriate
to apply this superselection rule, which may be summarised as: 1. No way
is known for creating such states. 2 No way is known for measuring all the
properties of such states, even if they existed. 3. There is no need to invoke
the existence of such states in order to understand coherence and interference
effects. 4. The stability of such states against decoherence processes may not be
great, so even if they could be created they could rapidly change to other states.
The last reason is of lesser importance. Invoking the physical existence of states
that as far as we know cannot be made or measured, and for which there are no
known physical effects that require their presence seems a rather unnecessary
feature to add to the non-relativistic quantum physics of many body systems,
and considerations based on the general principle of simplicity (Occam’s razor)
would suggest not doing this until a clear physical justification for including
them is found. As two mode fermionic systems are restricted to states with at
most two fermions, the focus of the paper is then on bosonic systems, where
large numbers of bosons can occupy two mode systems.
However, although there is related work involving local particle number
super-selection rules, this paper differs from a number of others by extend-
ing the super-selection rule to also apply to the density operators ρ̂AR, ρ̂
B
R , ..
for the mode sub-systems A, B, .that occur in the definition (3) of a general
non-entangled state for systems of identical particles. Hence it follows that the
definition of entangled states will differ in this paper from that which would
apply if density operators ρ̂AR, ρ̂
B
R , .allowed for coherent superpositions of num-
ber states within each mode. In fact more states are regarded as entangled in
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terms of the definition in the present paper. Indeed, if further restrictions are
placed on the sub-system density operators - such as requiring them to spec-
ify a fixed number of bosons - the set of entangled states is further enlarged.
The simple justification for our viewpoint on applying the local particle number
super-selection rule has three aspects. Firstly, since experimental arrangements
in which only one bosonic mode is involved can be created, the same reasons
(see last paragraph) justify applying the super-selection rule to this mode sys-
tem as applied for the system as a whole. Secondly, measurements can be
carried out on the separate modes, and the joint probability for the outcomes
of these measurements determined. For a non-entangled state the joint proba-
bility (22) for these measurements depends on all the density operators ρ̂AR, ρ̂
B
R ,
.. for the mode sub-systems as well as the probability PR for the product state
ρ̂AR ⊗ ρ̂BR ⊗ ..occuring when the general mixed non-entangled state is prepared,
which can be accomplished by local preparations and classical communication.
For the non-entangled state the form of the joint probability PAB..(i, j, ..) for
measurements on all the sub-systems is given by the products of the individ-
ual sub-system probabilities PRA (i) = Tr(Π̂
A
i ρ̂
A
R), etc that measurements on
the sub-systems A,B, ..yield the outcomes λAi etc when the sub-systems are in
states ρ̂AR, ρ̂
B
R , ., the overall products being weighted by the probability PR that
a particular product state is prepared. If ρ̂AR, ρ̂
B
R , did not represent physical
states then the interpretation of the joint probability as this statistical average
would be unphysical Thirdly, attempts to allow the density operators ρ̂AR, ρ̂
B
R ,
.. for the mode sub-systems to violate the super-selection rule provided that the
reduced density operators ρ̂A, ρ̂B for the separate modes are consistent with it
are shown not to be possible in general.
As well as the above justifications for applying the super-selection rule to
both the overall multi-mode state for systems of identical particles and the
separate sub-system states in the definition of non-entangled states, a more
sophisticated justification based on considering SSR to be the consequence of
describing the quantum state by an observer (Charlie) whose phase reference is
unknown has also been presented in detail in Appendix 13 for completeness. For
the sub-systems local reference frames are involved. The SSR is seen as a special
case of a general SSR which forbids quantum states from exhibiting coherences
between states associated with irreducible representations of the transformation
group that relates reference frames, and which may be the symmetry group for
the system.
The present paper then defines spin squeezing for two mode systems and
discusses the desirability of defining spin squeezing in terms of the principal
spin operators Ĵx, Ĵy, Ĵz for which the covariance matrix is diagonal, rather than
via the original spin operators Ŝx, Ŝy, Ŝz defined in terms of the original mode
annihilation and creation operators â, b̂ and â†, b̂† and for which the covariance
matrix is non-diagonal in general. It is seen that the two sets of spin operators
are related via a rotation operator and the principal spin operators are given
in terms of new mode operators ĉ, d̂ and ĉ†, d̂†, with ĉ, d̂ obtained as linear
combinations of the original mode operators â, b̂ and hence defining two new
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modes.
The immediate consequence for the case of two mode systems of identical
bosons of the present approach to defining entangled states is that spin squeezing
in any of the principle spin operators Ĵx, Ĵy or Ĵz requires entanglement of the
new modes ĉ, d̂. Similarly, spin squeezing in any of the original spin operators
Ŝx, Ŝy or Ŝz requires entanglement of the original modes â, b̂. A typical test
for entanglement is
〈
∆Ŝ 2x
〉
< |
〈
Ŝz
〉
|/2 or
〈
∆Ŝ 2y
〉
< |
〈
Ŝz
〉
|/2. It is noted
that though spin squeezing requires entanglement, the opposite is not the case
and the NOON state provides an example of an entangled physical state that
is not spin squeezed. Also, the binomial state provides an example of a state
that is entangled and spin squeezed for one choice of mode sub-systems may
be non-entangled and not spin squeezed for another choice. The relative phase
state provides an example that is entangled for new modes ĉ, d̂ and is highly
spin squeezed in Ĵy and very unsqueezed in Ĵx. The connection between spin
squeezing and entanglement is regarded as well-known, but up to now only
proofs based on non-entangled states that either disregard the symmetrization
principle or the sub-system super-selection rules exist, placing the connection
between spin squeezing and entanglement on a somewhat shaky basis. On the
other hand, the proof given here is based on a definition of non-entangled (and
hence entangled) states that is compatible with both these requirements.
There are several papers that obtain different tests for whether a state is
entangled from those involving spin squeezing that are obtained in this pa-
per, the proofs often being based on a definition of non-entangled states that
ignores symmetrization or SSR. Hillery et al [32] obtain criteria of this type,
such as the entanglement test
〈
∆Ŝ 2x
〉
+
〈
∆Ŝ 2y
〉
< 12
〈
N̂
〉
. This test is also
valid if the non-entangled state definition is consistent with the SSR, but is
different to the test
〈
∆Ŝ 2x
〉
+
〈
∆Ŝ 2y
〉
< |
〈
Ŝz
〉
| suggested by the require-
ment that
〈
∆Ŝ 2x
〉
+
〈
∆Ŝ 2y
〉
≥ |
〈
Ŝz
〉
| for non-entangled states - since both〈
∆Ŝ 2x
〉
≥ |
〈
Ŝz
〉
|/2 and
〈
∆Ŝ 2y
〉
≥ |
〈
Ŝz
〉
|/2. The latter inequality is of
no use since
〈
∆Ŝ 2x
〉
+
〈
∆Ŝ 2y
〉
≥ |
〈
Ŝz
〉
| for all states. However as previ-
ously noted, showing that either
〈
∆Ŝ 2x
〉
< |
〈
Ŝz
〉
|/2 or
〈
∆Ŝ 2y
〉
< |
〈
Ŝz
〉
|/2
- or the analogous tests for other pairs of spin operators - already provides a
test for the entanglement of the original modes â, b̂. This test is a different
test for entanglement than that of Hillery et al [32]. The case of the rela-
tive phase eigenstate is an example of an entangled state in which the spin
squeezing test for entanglement succeeds whereas that of Hillery et al [32] fails.
Other inequalities found by Hillery et al [33] for non-entangled states which
also do not depend on whether non-entangled states satisfy the super-selection
rule include |
〈
(â)m (̂b†)n
〉
|2 ≤
〈
(â†)m(â)m (̂b†)n (̂b)n
〉
, giving another valid test
|
〈
(â)m (̂b†)n
〉
|2 >
〈
(â†)m(â)m (̂b†)n(̂b)n
〉
for an entangled state. However, with
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entanglement defined as in the present paper we have |
〈
(â)m (̂b†)n
〉
|2 = 0 for
a non-entangled state, so an entanglement test in the form |
〈
(â)m (̂b†)n
〉
|2 > 0
immediately follows. This test is less stringent than that of Hillery et al [33]., as
|
〈
(â)m (̂b†)n
〉
|2 is then required to be larger. Sorensen et al [45] show that spin
squeezing is a test for a state being entangled, but define non-entangled states for
identical particle systems (such as BECs) in a form that is inconsistent with the
symmetrisation principle - the sub-systems being regarded as individual iden-
tical particles. However, the treatment of Sorensen et al [45] can be modified
to apply to a system of identical bosons if the particle index i is re-interpreted
as specifying diffferent modes, for example modes localised on optical lattice
sites i = 1, 2, .., N . With two single particle states |φai〉 ,|φbi〉 with annihilation
operators ai, bi available on each site, there would then be 2N modes involved,
but spin operators can still be defined. If the definitions of non–entangled and
entangled states in the present paper are applied, it can be shown that spin
squeezing in either of the spin operators Ŝx or Ŝy requires entanglement of all
the original modes âi, b̂i. Alternatively, if the sub-systems are pairs of modes
âi, b̂i and the sub-system density operators ρ̂
i
R were restricted to states with
exactly one boson, then it can be shown that spin squeezing in Ŝz requires en-
tanglement of all the pairs of modes. With this restriction the pair of modes âi,
b̂i behave like distinguishable two state particles, which was essentially the case
that Sorensen et al [45] implicitly considered. This type of entanglement is a
multi-mode entanglement of a special type - since the modes âi, b̂i may them-
selves be entangled there is an ”entanglement of entanglement”. So with either
of these key revisions, the work of Sorensen et al [45] could be said to show that
spin squeezing requires entanglement. Sorensen and Molmer [85] have deduced
an inequality involving
〈
∆Ĵ 2x
〉
and |
〈
Ĵ z
〉
| for states where
〈
Ĵ x
〉
=
〈
Ĵ y
〉
= 0
based on just the Heisenberg uncertainty principle. This is useful in terms of
confirming that states do exist that are spin squeezed still conform to this prin-
ciple. Duan et al [86], Toth et al [87] devise a test for entanglement based on the
sum of the quadrature variances
〈
∆(x̂A + x̂B)
2
〉
+
〈
∆(p̂A − p̂B)2
〉
, which involve
quadrature components x̂A, p̂A, x̂B, p̂B constructed from the original mode an-
nihilation, creation operators for modes A, B. Their conclusion that if the sum
is less than 2 then the state is entangled is valid both for the present definition
of entanglement and for that in which the application of the super-selection
rule is ignored. He et al [84], [62] consider a four mode system, with two modes
localised in each well of a double well potential. If the two sub-systems A and B
each consist of two modes - with â1, â2 as sub-system A and b̂1, b̂2 as sub-system
B, then tests of entanglement of the two sub-systems of the Hillery [33] type
|
〈
(âi)
m (̂b†j)
n
〉
|2 >
〈
(â†i )
m(âi)
m (̂b†j)
n(̂bj)
n
〉
for any i, j = 1, 2 or involving
local spin operators |
〈
ŜA+ Ŝ
B
−
〉
|2 >
〈
ŜA+ Ŝ
A
− Ŝ
B
+ Ŝ
B
−
〉
apply.
Overall then, all of the entanglement tests (spin squeezing and other) in
the other papers discussed here are still valid when reconsidered in accord with
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the definition of entanglement based on the symmetrisation and super-selection
rules, though in one case Sorensen et al [45] a re-definition of the sub-systems
is required to satisfy the symmetrization principle. However, further tests for
entanglement are obtained in the present paper based on non-entangled states
that are consistent with the symmetrizaton and super-selection rules. In some
cases they are less stringent - the correlation test in Eq.(209) being easier to
satisfy than that of Hillery et al [33] in Eq. (206). They are certainly different
to others previously discovered.
At present, experiments demonstrating spin squeezing do not show experi-
mentally whether spin squeezing requires entanglement, however defined, since
no results for entanglement measures are presented, nor are other independent
tests for entanglement carried out.
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10 Appendix 1 - Projective Measurements and
Conditional Probabilities
10.0.3 Projective Measurements
For simplicity, we will only consider projective (or von Neumann) measurements
rather than more general measurements involving positive operator measure-
ments (POM). If Ω̂ is a physical quantity associated with the system, with
eigenvalues λi and with Π̂i the projector onto the subspace with eigenvalue λi
then the probability P (i) that measurement of Ω̂ leads to the value λi is given
by [56]
P (i) = Tr(Π̂iρ̂) (247)
For projective measurements Π̂i = Π̂
2
i = Π̂
†
i and
∑
i
Π̂i = 1, together with
Ω̂Π̂i = Π̂iΩ̂ = λiΠ̂i.
Following the measurement which leads to the value λi the density operator
is different and given by
ρ̂cond(Ω̂, i) = (Π̂iρ̂Π̂i)/P (i) (248)
This is known as the reduction of the wave function, and can be viewed in
two ways. From an ontological point of view a quantum projective measure-
ment changes the quantum state significantly because the interaction with the
measurement system is not just a small perturbation, as it can be in classical
physics. From the epistomological point of view we know what value the physi-
cal quantity Ω̂ now has, so if measurement of Ω̂ were to be repeated immediately
it would be expected – with a probability of unity - that the value would be λi.
The new density operator ρ̂cond(Ω̂, i) satisfies this requirement. It also satisfies
the standard requirements of Hermitiancy, unit trace, positivity - as is easily
shown.
To show this formally we have for the mean value for Ω̂ following the mea-
surement 〈
Ω̂
〉
i
= Tr(Ω̂ ρ̂cond(Ω̂, i))
= Tr(Ω̂ (Π̂iρ̂Π̂i))/P (i)
= λiTr(Π̂iρ̂)/P (i)
= λi (249)
whilst for the variance〈
∆Ω̂2
〉
i
= Tr((Ω̂−
〈
Ω̂
〉
i
)2 ρ̂cond(Ω̂, i))
= Tr(Ω̂2 ρ̂red(i))−
〈
Ω̂
〉2
i
= λ2i − λ2i
= 0 (250)
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which is zero as expected.
If following the measurement of Ω̂ the results of the measurement were dis-
carded then the density operator after the measurement is
ρ̂cond(Ω̂) =
∑
i
P (i) ρ̂cond(Ω̂, i) =
∑
i
Π̂iρ̂Π̂i (251)
which is the sum of the ρ̂cond(Ω̂, i) each weighted by the probability P (i) of the
result λi occuring. Note that the expression for ρ̂cond(Ω̂) is not the same as the
original density operator ρ̂. This is to be expected from both the epistimological
and ontological points of view, since although we do not know what value λi has
occurred, it is known that a definite value for Ω̂ has been found, or that mea-
surement process has destroyed any coherences that previously existed between
different eigenstates of Ω̂. We note that ρ̂cond(Ω̂) also satisfies the standard
requirements of Hermitiancy, unit trace, positivity - as is easily shown.
10.0.4 Conditional Probabilities
Suppose we follow the measurement of Ω̂ resulting in eigenvalue λi with a mea-
surement of Λ̂ resulting in eigenvalue µj where the projector associated with
the latter measurement is Ξ̂j . Then the conditional probabiltity of measuring
Λ̂ resulting in eigenvalue µj following the measurement of Ω̂ that resulted in
eigenvalue λi would be
P (j|i) = Tr(Ξ̂j ρ̂cond(Ω̂, i))
= Tr(Ξ̂j(Π̂iρ̂Π̂i))/P (i)
= Tr((Ξ̂jΠ̂i) ρ̂ (Π̂iΞ̂j))/P (i) (252)
where the cyclic properties of the trace and the idempotent property of the
projector have been used. If the measurements had taken place in the reverse
order the conditional probabiltity of measuring Ω̂ resulting in eigenvalue λi
following the measurement of Λ̂ that resulted in eigenvalue µj would be
P (i|j) = Tr((Π̂iΞ̂j) ρ̂ (Ξ̂jΠ̂i))/P (j) (253)
We note that the actual probability of measuring λi then µj would be the
joint probability
P (j after i) = P (j|i)P (i) = Tr((Ξ̂jΠ̂i) ρ̂ (Π̂iΞ̂j)) (254)
whilst the actual probability of measuring µj then λi would be the joint prob-
ability
P (i after j) = P (i|j)P (j) = Tr((Π̂iΞ̂j) ρ̂ (Ξ̂jΠ̂i)) (255)
and we note that in general these two joint probabilities are different.
If however, the two physical quantities commute, then there are a complete
set of simultaneous eigenvectors
∣∣λi, µj〉 for Ω̂ and Λ̂. It is then straightforward
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to show that Π̂iΞ̂j = Ξ̂jΠ̂i, in which case P (j after i) = P (i after j) = P (i, j),
so it does not matter which order the measurements are carried out. The overall
result
P (i, j) = P (j|i)P (i) = P (i|j)P (j)
= Tr(Π̂iΞ̂j ρ̂ Ξ̂jΠ̂i)
= Tr(Π̂iΞ̂j ρ̂) (256)
is an expression of Bayes theorem.
A case of particular importance where this occurs is in situations involving
two or more distinct sub-systems, in which the operators Ω̂ and Λ̂ are associated
with different sub-systems. For two sub-systems A and B the operators Ω̂ and
Λ̂ are of the form Ω̂A and Ω̂B, or more strictly Ω̂A ⊗ 1̂B and 1̂A ⊗ Ω̂B. It is
easy to see that (Ω̂A ⊗ 1̂B)(1̂A ⊗ Ω̂B) = Ω̂A ⊗ Ω̂B = (1̂A ⊗ Ω̂B)(Ω̂A ⊗ 1̂B), so
the operators commute and results such as in Bayes theorem (256) apply.
10.0.5 Conditional Mean and Variance
To determine the conditioned mean value of Λ̂ after measurement of Ω̂ has
led to the eigenvalue λi we use ρ̂cond(Ω̂, i) rather than ρ̂ in the mean formula〈
Λ̂
〉
= Tr(Λ̂ρ̂). Hence 〈
Λ̂
〉
i
= Tr(Λ̂ρ̂cond(Ω̂, i))
= Tr(Λ̂ (Π̂iρ̂Π̂i))/P (i) (257)
Now
Λ̂ =
∑
j
µjΞ̂j (258)
so that 〈
Λ̂
〉
i
=
∑
j
µj Tr(Ξ̂j Π̂iρ̂Π̂i)/P (i)
=
∑
j
µj Tr(Ξ̂jΠ̂iρ̂Π̂iΞ̂j)/P (i)
=
∑
j
µj P (j|i) (259)
using Ξ̂j = Ξ̂
2
j , the cyclic trace properties and Eq.(252). Hence the conditional
mean value is as expected, with the conditional probability P (j|i) replacing
P (j) in the averaging process.
For the conditioned variance of Λ̂ after measurement of Ω̂ has led to the
eigenvalue λi we use ρ̂cond(Ω̂, i) rather than ρ̂ and the conditioned mean
〈
Λ̂
〉
i
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rather than
〈
Λ̂
〉
in the variance formula
〈
∆Λ̂2
〉
= Tr((Λ̂−
〈
Λ̂
〉
)2ρ̂). Hence〈
∆Λ̂2
〉
i
= Tr((Λ̂ −
〈
Λ̂
〉
i
)2ρ̂cond(Ω̂, i))
= Tr((Λ̂ −
〈
Λ̂
〉
i
)2(Π̂iρ̂Π̂i))/P (i) (260)
Now
(Λ̂−
〈
Λ̂
〉
i
)2 =
∑
j
(µj −
〈
Λ̂
〉
i
)2Ξ̂j (261)
so that 〈
∆Λ̂2
〉
i
=
∑
j
(µj −
〈
Λ̂
〉
i
)2 Tr(Ξ̂j Π̂iρ̂Π̂i)/P (i)
=
∑
j
(µj −
〈
Λ̂
〉
i
)2 P (j|i) (262)
using the same steps as for the conditioned mean. Hence the conditional variance
is as expected, with the conditional probability P (j|i) replacing P (j) in the
averaging process.
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11 Appendix 2 - Inequalities
These inequalities are examples of Schwarz inequalities.
11.1 Integral Inequality
If C(λ), D(λ) are real, positive functions of λ and P (λ) is another real, positive
function then we can show that∫
dλP (λ)C(λ).
∫
dλP (λ)D(λ) ≥
(∫
dλP (λ)
√
C(λ)D(λ)
)2
(263)
To show this write x =
∫
dλP (λ)C(λ) and y =
∫
dλP (λ)D(λ). Then
xy =
∫
dλP (λ)C(λ)
∫
dµP (µ)D(µ)
=
∫ ∫
dλ dµP (λ)P (µ)C(λ)D(µ)
=
∫
dλP (λ)2C(λ)D(λ) +
∫ ∫
dλ dµ (1 − δ(λ− µ))P (λ)P (µ)C(λ)D(µ)
(264)
Also, write z =
(∫
dλP (λ)
√
C(λ)D(λ)
)2
. Then
z =
∫
dλP (λ)
√
C(λ)D(λ)
∫
dµP (µ)
√
C(µ)D(µ)
=
∫ ∫
dλ dµP (λ)P (µ)
√
C(λ)D(λ)
√
C(µ)D(µ)
=
∫
dλP (λ)2C(λ)D(λ) +
∫ ∫
dλ dµ (1− δ(λ − µ))P (λ)P (µ)
√
C(λ)D(λ)
√
C(µ)D(µ)
(265)
so that
xy − z = ∫ ∫ dλ dµ (1− δ(λ − µ))P (λ)P (µ) (C(λ)D(µ)−√C(λ)D(λ)√C(µ)D(µ))
=
1
2
∫ ∫
dλ dµ (1 − δ(λ− µ))P (λ)P (µ)
(
C(λ)D(µ) + C(µ)D(λ)− 2
√
C(λ)D(µ)
√
C(µ)D(λ)
)
=
1
2
∫ ∫
dλ dµ (1 − δ(λ− µ))P (λ)P (µ)
(√
C(λ)D(µ)−
√
C(µ)D(λ)
)2
≥ 0 (266)
which proves the result.
For the special case where D(λ) = 1 and where
∫
dλP (λ) = 1 we get the
simpler result ∫
dλP (λ)C(λ) ≥
(∫
dλP (λ)
√
C(λ)
)2
(267)
11.2 Sum Inequality
If CR and DR are real, positive quantities for various R and PR is another real,
positive quantity then we can show that
∑
R
PR CR
∑
R
PRDR ≥
(∑
R
PR
√
CRDR
)2
(268)
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To prove this write x =
∑
R
PR CR and y =
∑
R
PRDR Then
xy =
∑
R
PR CR
∑
S
PS DS
=
∑
R
∑
S
PR PS CRDS
=
∑
R
P 2R CRDR +
∑
R
∑
S
(1− δRS)PR PS CRDS (269)
Also, write z =
(∑
R
PR
√
CRDR
)2
. Then
z =
(∑
R
PR
√
CRDR
)(∑
S
PS
√
CSDS
)
=
∑
R
∑
S
PR PS
√
CRDR
√
CSDS
=
∑
R
P 2R CRDR +
∑
R
∑
S
(1 − δRS)PR PS
√
CRDR
√
CSDS (270)
so that
xy − z = ∑
R
∑
S
PR PS (1− δRS)
(
CRDS −
√
CRDR
√
CSDS
)
=
1
2
∑
R
∑
S
PR PS (1− δRS)
(
CRDS + CSDR − 2
√
CRDS
√
CSDR
)
=
1
2
∑
R
∑
S
PS PR (1− δRS)
(√
CRDS −
√
CSDR
)2
≥ 0 (271)
which proves the result.
For the special case where DR = 1 and where
∑
R
PR = 1 we get the simpler
result ∑
R
PR CR ≥
(∑
R
PR
√
CR
)2
(272)
This inequality is used in [32].
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12 Appendix 3 - Particle and Mode Entangle-
ment
It is useful to contrast the two meanings of entanglement - mode and particle
- in terms of three examples. The first is from the textbook by Peres ([6], see
pp126-128). A system with N = 2 identical particles has one particle in a single
particle state (mode) |u〉, the other in an orthogonal single particle state |v〉. In
first quantization the synmmetrized quantum pure states for identical bosons
or for identical fermions are (my notation) are
|Ψ〉boson =
1√
2
(|u(1)〉 ⊗ |v(2)〉+ |u(2)〉 ⊗ |v(1)〉)
|Ψ〉fermion =
1√
2
(|u(1)〉 ⊗ |v(2)〉 − |u(2)〉 ⊗ |v(1)〉) (273)
which consequently means that ”two particles of the same type are always entan-
gled”. Peres obviously considers such entanglement is a result of symmetrization.
In second quantization the state in both the fermion and boson cases is |1〉u⊗
|1〉v which is a separable state for modes u, v, and not a (mode) entangled state.
The second example is taken from the paper of Hyllus et al [48], specifically
a case illustrated in Fig 1(b) which shows a state with N = 5 identical bosons.
The bosons may occupy differing spatial states (eg harmonic oscillator states)
- referred to by Hyllus et al as external degrees of freedom - and each bosonic
particle has two distinct internal states (eg hyperfine states) - internal degrees
of freedom. Fig 1(b) shows two spatial states and two internal states (u, d
say) , with only the lower spatial state (φ0 say) being occupied by N = 5
bosons. From the Hyllus et al viewpoint (see last para on p 012337-4) ”For
indistinguishable particles, only two possibilities are allowed in this case: either
ALL the particles are in a separable state (that is, product |φ〉⊗N) state, or all
particles are entangled due to the symmetrization.” Hyllus et al describe the
states in terms of first quantization but for purposes of comparison we will also
describe them via second quantization. What they mean by the separable state
is in full
|φ〉⊗N = |φ1〉 |φ2〉 |φ3〉 |φ4〉 |φ5〉 (274)
where for the ith particle the single particle space-spin state would of the form
|φi〉 = (cos θ |ui〉+ sin θ exp iχ |di〉)⊗ |φ0i〉 (275)
in which a particular internal state is chosen The separable state in Eq.(274) is
just a tensor product of single particle states for the five bosons. It is symmetric,
so the symmetrization principle is satisfied. There is of course one other orthog-
onal separable state |ξ〉⊗N = |ξ1〉 |ξ2〉 |ξ3〉 |ξ4〉 |ξ5〉 with an orthogonal single
particle space-spin state |ξi〉 = (− sin θ |ui〉+ cos θ exp iχ |di〉)⊗ |φ0i〉 in which
the internal state is orthogonal to the previous one. If one of the bosons is taken
from a state |φ〉 and placed in the orthogonal state |ξ〉, then representing it in
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the form of a single tensor product such as |φ1〉 |φ2〉 |φ3〉 |φ4〉 |ξ5〉 would not sat-
isfy the symmetrization principle. If one such product as |φ1〉 |φ2〉 |φ3〉 |φ4〉 |ξ5〉
is subjected to an operator which is the sum of all permutation operators P̂ ,
then apart from normalising factor the result will represent the situation where
one of the five bosons is in the state |ξ〉 rather than |φ〉. Hence such a state is
given by
|Ψ4,1〉 = N
∑
P
P̂ (|φ1〉 |φ2〉 |φ3〉 |φ4〉 |ξ5〉)
= N #
( |φ1〉 |φ2〉 |φ3〉 |φ4〉 |ξ5〉+ |φ1〉 |φ2〉 |φ3〉 |φ5〉 |ξ4〉+ |φ1〉 |φ2〉 |φ5〉 |φ4〉 |ξ3〉
+ |φ1〉 |φ5〉 |φ3〉 |φ4〉 |ξ2〉+ |φ5〉 |φ2〉 |φ3〉 |φ4〉 |ξ1〉
)
= N#
( |φ1〉 |φ2〉 |φ3〉 |φ4〉 |ξ5〉+ |φ1〉 |φ2〉 |φ3〉 |ξ4〉 |φ5〉+ |φ1〉 |φ2〉 |ξ3〉 |φ4〉 |φ5〉
+ |φ1〉 |ξ2〉 |φ3〉 |φ4〉 |φ5〉+ |ξ1〉 |φ2〉 |φ3〉 |φ4〉 |φ5〉
)
(276)
which are where the sum is over the 5! permuation operators and the N ′s are
normalising factors. However, Hyllus et al refer to this as entanglement by
symmetrization and regard this state as being entangled. From this point of
view it is symmetrization via
∑
P
P̂ that is responsible for entanglement in that
it creates contributions to the state vector which becomes no longer just a simple
product. There is a term |φ1〉 |φ2〉 |φ3〉 |φ4〉 |ξ5〉 followed by |φ1〉 |φ2〉 |φ3〉 |ξ4〉 |φ5〉
in which particles 4 and 5 are in different single particle states.
However, from the opposing point of view in which it is modes, not par-
ticles that are entangled, and the state just described would not be regarded
as being entangled. The Fig 1(b) case would be seen as a two mode situation
in which the two modes are |U〉 = |u〉 ⊗ |φ0〉 and |D〉 = |d〉 ⊗ |φ0〉. In second
quantization the Fock states are |nU , nD〉 = |nU 〉 ⊗ |nD〉 with nU , nD being
the mode occupancies. It is these two modes that may or may not be entan-
gled, and there are six separable pure states (not two) with a total of N = 5
bosons, namely |5 , 0〉, |4 , 1〉, |3 , 2〉, |2 , 3〉, |1 , 4〉, and |0 , 5〉. The states |5 , 0〉
and |0 , 5〉 are of course equivalent in first quantization to |φ1〉 |φ2〉 |φ3〉 |φ4〉 |φ5〉
and |ξ1〉 |ξ2〉 |ξ3〉 |ξ4〉 |ξ5〉, whilst the state in the last equation is just the sepa-
rable state |4 , 1〉. The general mode entangled pure state with N = 5 bosons
is given by
|Ψ〉 = D5,0 |5 , 0〉+D4,1 |4 , 1〉
+D3,2 |3 , 2〉+D2,3 |2 , 3〉
+D1,4 |1 , 4〉+D0,5 |0 , 5〉
where the D are expansion coefficients, which is of course equivalent to various
first quantization expressions. But now we would say it is the two modes |U〉
and |D〉 that are entangled, not the 5 bosons! Entanglement for N = 5 boson
pure states is associated with there being six distinct Fock states that occur
for five bosons being split between two modes. If there were four modes then
for N = 5 boson pure states there would be many more distinct Fock states
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available depending on how the bosons are divided amongst the modes. It is
more a question of combinatorics rather than symmetrization which is relevant
in determining the dimension of the space of entangled states. A quite different
picture of what is meant by an entangled state occurs when entanglement refers
to modes rather than particles.
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13 Appendix 4 - Reference Frames and Super-
Selection Rules
Several papers such as [40], [42], [31], [34], [17], [35], [36] explain the link between
reference frames and super-selection rules (SSR). In this Appendix we present
the key ideas involved.
13.1 Two Observers with Different Reference Frames
The first point to appreciate is that there are two observers - Alice and Charlie
- who are involved in describing the same state of a particular quantum system.
Charlie is the external observer, Alice the internal observer - perhaps closely
linked to the system. It is important to realise that it is Charlie’s description of
the quantum state which is of most interest, in particular how this description
may differ from what Alice may regard as the system state. The system could
be a multi-mode system involving identical particles, it could just be a single
mode system or it could even be a single particle with or without spin. Alice and
Charlie each describe quantum states in terms of their own reference frames,
which might be a set of coordinate axes for the case of the spin or position
states for the single particle system, or it could be a large quantum system with
a well-defined reference phase in the case of multi-mode or single mode systems
involving identical particles. Alice and Charlie may each choose from a set of
possible reference frames - for the single particle case there are an infinite number
of difference choices of coordinate axes for example, related to each other via
rotations and/or translations. In Situation A - which is not associated with SSR
- Alice and Charlie do know the relationship between their two reference frames
(and can communicate this relationship via classical communications) - such as
in the case of the single particle system when the relative orientation of their
two different coordinate axes are known. In Situation B - which is associated
with SSR - Alice and Charlie do not know the relationship between their two
reference frames - such as in the multi-mode or single mode system involving
identical particles when the relative phase between their two large quantum
phase reference systems is not known. Alice and Charlie describe the same
state via density operators σ̂ and ρ̂, and the key question is the relationship
between these two operators in situations A and B and for various types of
reference frames. In terms of the notation in [31] ρ→ σ̂ and ρ˜→ ρ̂.
13.2 Symmetry Groups
A particular relationship going from Alice’s to Charlie’s reference frame is speci-
fied by the parameter g, which in turn defines a unitary transformation operator
T̂ (g) that acts in the system space. Particular examples will be listed below.
If there was a third observer - Donald - and the relationship going from Char-
lie’s to Donald’s reference frame is specified by the parameter h, which in turn
defines a unitary operator T̂ (h), then if we symbolise the relationship going
from Alice’s to Donald’s reference frame by the parameter hg, it follows that
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T̂ (hg) = T̂ (h)T̂ (g). This shows that the unitary operators satisfy one of the
requirements to constitute a group, referred to generally as the transformation
group. The other requirements are easily confirmed. The unitary operator
T̂ (0) = 1̂ corresponding to the case where no change of reference frame oc-
curs (specified by the parameter 0) exists, and satisfies the requirement that
T̂ (0g) = T̂ (0)T̂ (g) = T̂ (g0) = T̂ (g)T̂ (0). The unitary operator T̂ (g−1) = T̂ (g)†
corresponding to the relationship specified as g−1 that converts Charlie’s ref-
erence frame back to that of Alice exists, and satisfies the requirement that
T̂ (0) = T̂ (g−1)T̂ (g) = T̂ (g)T̂ (g−1). Hence all the group properties are satisfied.
A few examples are as follows:
1. Translation group - single spinless particle system, with p̂, x̂.the momen-
tum, position vector operators. Here a−→ is a vector giving the translation of
Charlie’s cartesian axes reference frame from that of Alice, thus g ≡. a−→. The
unitary translation operator is T̂ ( a−→) = exp(ip̂ · a−→/~).
2. Rotation group - single particle system, with Ĵ the angular momentum
vector operators. Here u−→ is a unit vector giving the axis and rotation angle
φ for rotating Alice’s cartesian axes reference frame into that of Charlie, thus
g ≡. u−→., φ. The unitary rotation operator is T̂ ( u−→, φ) = exp(iφĴ · u−→/~).
3. Particle number U(1) group - single mode bosonic system, with â the
mode annihilation operator and N̂a = â
†â the mode number operator. Here θa
is the phase change Alice’s to Charlie’s reference frame. The unitary operator
is T̂ (θa) = exp(iN̂aθa).
4. Particle number U(1) group - multi-mode bosonic system, with â as a
typical mode annihilation operator and N̂ =
∑
a
â†â the total number operator.
Here θ is the phase change from Alice’s to Charlie’s reference frame. The unitary
operator is T̂ (θ) = exp(iN̂θ).
In these examples the system operators p̂, Ĵ , N̂a, N̂ etc are the generators
of the respective groups. In many situations the generators commute with the
Hamiltonian for the system (or more generally with the evolution operator that
describes time evolution of the quantum state), in which case the group of
unitary operators T̂ (g) is the symmetry group, and the generators are conserved
physical quantities.
13.3 Relationships - Situation A
In Situation A, where the relationship between the reference frames for Alice
and Charlie is known and specified by a single parameter g, Alice’s description
of the state σ̂ is related to Charlie’s description ρ̂ for the same state via the
unitary transformation
ρ̂ = T̂ (g) σ̂ T̂ (g)−1 (277)
Note that this is a passive transformation - no change of state is involved, just
the same state being described by two different observers.
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As an example, consider the spinless particle and the translation group. If∣∣∣ x−→〉 is a position eigenstate then T̂ ( a−→) ∣∣∣ x−→〉 = ∣∣∣ x−→− a−→〉. A pure quantum po-
sition eigenstate described by Alice as σ̂ = |Φ〉 〈Φ| with state vector |Φ〉 =
∣∣∣ x−→〉
would be described by Charlie as ρ̂ = |Ψ〉 〈Ψ| but now with |Ψ〉 =
∣∣∣ x−→− a−→〉,
which is also a pure quantum position eigenstate but with eigenvalue x−→− a−→.
This is as expected since Alices’s cartesian axes have been translated by a−→ to
the origin of Charlie’s axes without change of orientation. In the case of mo-
mentum eigenstates
∣∣∣ p−→〉 we have T̂ ( a−→) ∣∣∣ p−→〉 = exp(i p−→ · a−→/~) ∣∣∣ p−→〉, so a pure
quantum momentum eigenstate described by Alice with |Φ〉 =
∣∣∣ p−→〉 would be
described by Charlie with |Ψ〉 = exp(i p−→ · a−→/~
∣∣∣ p−→〉, which is also a pure mo-
mentum eigenstate with the same eigenvalue p−→. Alice and Charlie describe the
pure momentum eigernstate with the same density operator ρ̂ = σ̂, the phase
factor cancels.
For more general pure states, consider a quantum state described by Alice
as σ̂ = |Φ〉 〈Φ| with state vector |Φ〉 =
∫
d x−→φ( x−→)
∣∣∣ x−→〉. States of this form
can represent localised states when φ( x−→) is only significant in confined spatial
regions, or they can represent delocalised states such as momentum eigenstates∣∣∣ p−→〉 when φ( x−→) = (2π~)−3/2 exp(i p−→· x−→/~). We see that Charlie also describes
a pure quantum state ρ̂ = |Ψ〉 〈Ψ| but now with |Ψ〉 = T̂ ( a−→) |Φ〉 =
∫
d x−→φ( x−→+
a−→)
∣∣∣ x−→〉 = ∫ d x−→ψ( x−→) ∣∣∣ x−→〉, so the wavefunction is now ψ( x−→) = φ( x−→+ a−→).
Note that if Alice’s state vector was written in terms of momentum eigen-
states |Φ〉 =
∫
d p−→ φ˜( p−→)
∣∣∣ p−→〉, then Charlie’s state vector |Ψ〉 =
∫
d p−→ ψ˜( p−→)
∣∣∣ p−→〉
has a momentum wave function ψ˜( p−→) = exp(i p−→ · a−→/~) φ˜( p−→) related to that
of Alice by a phase factor. Note that a state which is a quantum superposition
of momentum eigenstates as described by Alice is also described as a quantum
superposition of momentum eigenstates by Charlie. A similar feature applies in
all situation A cases, and is related to SSR not applying in situation A.
The case of the particle with spin and the rotation group is outlined in Ref.
[42].
13.4 Relationships - Situation B
In Situation B, where on the other hand the relationship between frames is
completely unknown, all possible transformations g must be given equal weight,
and hence the relationship between Alice’s and Charlie’s description of the same
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state becomes
ρ̂ =
∫
w(g)dg T̂ (g) σ̂ T̂ (g)−1
= G [σ̂] (278)
where
∫
w(g)dg is a symbolic integral over the parameter g, which includes a
weight factor w(g) so that
∫
w(g)dg = 1. This linear process connecting σ̂ to ρ̂
is the ”G- twirling” operation. Again, this is a paassive transformation.
It is straightforward to show that for any fixed parameter h that
T̂ (h) ρ̂ T̂ (h)−1 = ρ̂ (279)
showing that Charlie’s density operator is G invariant under the transformation
group - unlike the case for Situation A.
As an example, consider the single mode bosonic system and the U(1) group.
If |na〉 is a Fock state then T̂ (θa) |na〉 = exp(inaθa) |na〉. Consider a pure quan-
tum state described by Alice as the Glauber coherent state σ̂ = |Φ〉 〈Φ| with state
vector |Φ(β)〉 =
∑
na
C(na, β) |na〉, where C(na, β) = exp(−|β|2/2)βna /
√
(na)!.
It is straightforward to show that
T̂ (θa) |Φ(β)〉 = |Φ(β exp(iθa))〉 (280)
so that the Glauber coherent state is transformed into another Glauber coherent
state, but with β changed via a phase factor to β exp(iθa). The quantum state
described by Charlie is given by
ρ̂ =
∫
dθa
2π
|Φ(β exp(iθa))〉 〈Φ(β exp(iθa))| (281)
=
∫
dθa
2π
∑
na
∑
ma
C(na, β)C(ma, β)
∗ T̂ (θa) |na〉 〈ma| T̂ (θa)†
=
∑
na
∑
ma
C(na, β)C(ma, β)
∗ |na〉 〈ma|
∫
dθa
2π
exp(i[na −ma]θa)
=
∑
na
|C(na, β)|2 |na〉 〈na|
=
∑
na
exp(−|β|2) (|β|
2)na
(na)!
|na〉 〈na| (282)
which is a mixed state consisting of a Poisson distribution of Fock states with
mean occupation number na = |β|2. In view of the first expression for ρ̂ it
can also be thought of as a mixed state consisting of Glauber coherent states
each with the same amplitude |β| = √na, but with all phases (arg β + θa)
equally probable. Thus, whereas Alice describes the state as a pure state that
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is a quantum superposition of Fock states with differing occupancy numbers,
Charlie describes the same state as a mixed state involving a statistical mixture
of number states. The former violates the SSR whereas the latter does not. A
similar feature applies in all situation B cases, and is related to SSR applying
in Situation B. Whether Alice could ever prepare such a state in the first place
is controversial - see the discussion presented above in SubSections 3.1 and 3.3.
However, assuming she could, the quantum state as described by Charlie is a
mixed state.
The situation just studied relates of course to the debate [71] regarding
whether the quantum state for a single mode laser operating well above thresh-
old should be described by a Glauber coherent state or as a Poisson statistical
mixture of photon number states. The first viewpoint (Alice) describes the
state from the point of view of an internal observer with a reference frame,
the second (Charlie) describes the same state from the point of view of an ex-
ternal observer for whose reference frame relationship to that of the internal
observer is unknown. The debate is regarded by [42] as settled on the basis that
both viewpoints are valid, they are just at cross purposes because they refer to
descriptions of the same quantum state by two different observers.
It should not be thought however that the quantum state would always be de-
scribed in such a fundamentally different manner for all Situation B cases. As an
example, consider the multi-mode bosonic system and the U(1) group. Consider
the pure quantum state described by Alice as the multi-mode N boson Fock state
σ̂ = |Φ〉 〈Φ| with state vector |Φ(N)〉 = |n1n2...na...;N〉 =
∏
a
|n1〉 |n2〉 .. |na〉 ...,
where N =
∑
a
na. We have T̂ (θ) |n1n2...na...;N〉 = exp(iNθ) |n1n2...na...;N〉,
so that the same state would be described by Charlie as ρ̂ = |Ψ〉 〈Ψ| and with
|Ψ〉 = |n1n2...na...;N〉. This is also a multi-mode N boson Fock state with
exactly the same occupancies. The product exp(iNθ) exp(−iNθ) of phase fac-
tors averages out to unity and here ρ̂ = σ̂, so Alice and Charlie both describe
the multi-mode Fock states in the same way. Another example for two mode
bosonic systems and the U(1) group is provided by the one boson Bell states
(the BS notation used here is non-conventional). These are entangled two mode
states that Alice would describe via the state vectors |Φ±〉 = (|10〉 ± |01〉)/√2.
We have T̂ (θ) |Φ±〉 = exp(iθ) |Φ±〉, so that the same state would be described
by Charlie with |Ψ±〉 = (|10〉 ± |01〉)/√2. Again the product of phase factors
averages to unity and ρ̂ = σ̂, so Alice and Charlie both describe the quantum
states as Bell states, and in the same form.
13.5 Dynamical and Measurement Considerations
Discussions of the relationship between equations governing the dynamical be-
haviour of Alice’s and Charlie’s density operators depend on whether the evolu-
tion is just governed by a Hamiltonian or whether master equations describing
evolution affected by interactions with an external environment are involved.
Such matters will not be treated in detail here, nor will the issue of relating
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Alice’s and Charlie’s measurements. The latter issue is dealt with in [31].
However, in the case where Alice describes the Hamiltonian evolution of her
density operator via the Liouville - von-Neumann equation
i~
∂
∂t
σ̂ = [Ĥ, σ̂] (283)
where in Alice’s frame the Hamiltonian is Ĥ , and where in addition the trans-
formation group is also the symmetry group so that T̂ (g)ĤT̂ (g)−1 = Ĥ for all
g, it is easy to see that for both Situations A and B, Charlie’s density operator
will evolve via the same LVN equation
i~
∂
∂t
ρ̂ = [Ĥ, ρ̂] (284)
Thus both Alice and Charlie will describe the same dynamical evolution, though
of course the initial (and hence evolved) states may differ in the two cases.
13.6 Nature of Reference Frames
Reference frames of differing types are involved for the various transformation
groups. The common feature is that they are thought of as actual physical sys-
tems themselves which are either macroscopic classical systems or macroscopic
quantum systems in states associated with the classical limit. They are intended
to be essentially unaffected by the presence of the systems for which they are
acting as reference frames. In some cases relatively uncontroversial examples
exist, such as for the cartesian axes associated with the translation and rotation
groups associated with the single particle system. The physical reference system
may be a large magnet whose magnetic field points in a well defined direction
and defines a z axis, combined with an electrostatic generator whose electric
field is in another well defined direction at right angles that defines an x axis.
In other cases the existence of suitable reference frames is less clear.
In this SubSection we will describe possible phase reference frames as if they
are entirely separated (or uncorrelated) with the system of interest. In terms
of the treatment by Bartlett et al [42], [31] these are non-implicated reference
frames. In the next SubSection and in the next Appendix phase reference frames
that are correlated with the system of interest will be described - these are the
so-called implicated reference frames of Bartlett et al.
For the large quantum system with a well-defined reference phase associated
with the U(1) group in the case of multi-mode or single mode systems involving
identical particles, the usual choice is a single mode bosonic system such as a
single mode BEC or a laser with a large mean occupancy, and which is thought
of as being prepared in a Glauber coherent state |Φ(α)〉 in order to provide
the phase reference frame, the reference phase being argα. Whether such a
reference frame really exists is controversial. The discussion presented above in
SubSections 3.1 and 3.3 raises the question of whether such a phase reference
state could ever be prepared, so this choice of a physical phase reference is rather
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unsatisfactory. However, from the point of view of this presentation we assume
it does, so that - as in the previous example - Alice can describe the reference
state as another coherent state. Again, whether Alice could ever prepare such
a state is questionable.
Another possibility for a physical phase reference is a macroscopic low fre-
quency harmonic oscillator, whose quantum energy eigenstates |n〉 - with n =
0, 1, .., nmax and energies n ~ω can be used to construct phase eigenstates |θp〉
with p = 0, 1, .., nmax and θp = p× 2π/(nmax+1), and which are defined by [82]
|θp〉 = 1√
nmax + 1
nmax∑
n=0
exp(inθp) |n〉 (285)
These states are orthonormal. The separation between the equally spaced phase
angles ∆θ = 2π/(nmax + 1) can be made very small if nmax is large enough.
Under the effect of the harmonic oscillator Hamiltonian Ĥ = ~ωN̂ , where N̂ is
the number operator, the phase state |θp〉 evolves into |θp − ω∆t〉 during a time
interval ∆t, so if the time intervals are chosen so that ω∆t = 2π/(nmax+1), the
phase angle θp changes into θp−1. Thus the system behaves like a backwards
running clock [91], the phase angles θp defining the positions of the hands. If
the clock initially has phase θp the probability of finding the clock to have phase
θq after a time interval ∆t is given by
P (θq, θp,∆t) =
1
(nmax + 1)2
sin2((nmax + 1)∆/2)
sin2(∆/2)
(286)
where ∆ = θp − θq − ω∆t. For times ∆t such that ω∆t ≪ 2π/(nmax + 1) the
probability of the phase remaining as θp is close to unity. Thus if the phase state
|θp〉 is used as a phase reference, it will remain stable for a time ∆t satisfying
the last inequality. For ∆t ∼ 100µs and nmax ∼ 104 so that phase is defined to
∼ 10−3 radians, an oscillator frequency ω ∼ 100 s−1 would suffice for this phase
reference standard. Such macroscopic oscillators do exist, though the process
to prepare them in the phase reference quantum state |θp〉 would be technically
difficult. Whether such a system would be useful as a phase reference for optical
fields or a BEC is another issue
13.7 Relational Description of Phase References
In this SubSection phase reference frames that are correlated with the system
of interest will be described - these are the so-called implicated reference frames
of Bartlett et al [42], [31].
One such approach to describing phase references in the U(1) group case
is via the concept of maps. For simplicity consider a one mode system S, the
basis vectors for which are Fock states |m〉S , where it is sufficient to restrict
m = 0, 1, ..,mmax. The reference system R, will also be a one mode system
with Fock states |n〉R, where n is large. Product states |m〉S ⊗ |n〉R for the
combined modes exist in the Hilbert space HS ⊗HR and are eigenstates of the
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various number operators, including the total number operator N̂T = N̂S + N̂R
- where the eigenvalue is l = m + n. The product states may be listed via
m = 0, 1, ..,mmax and n = 0, 1, ..or m = 0, 1, ..,mmax and l = m,m + 1, ....
Here we will describe how a coherent superpostion of number states, such as a
Glauber coherent state can be represented.
In the so-called internalisation or quantisation of the reference frame the
product state |m〉S ⊗ |n〉R is mapped onto the product state |m〉S ⊗ |n−m〉R
where n ≥ mmax. Thus
|m〉S ⊗ |n〉R → |m〉S ⊗ |n−m〉R (287)
Hence for a linear combination of system states given by
|Φ〉S =
mmax∑
m=0
Cm |m〉S (288)
we have for the state |Φ〉S ⊗ |n〉R in HS ⊗HR
|Φ〉S ⊗ |n〉R =
mmax∑
m=0
Cm |m〉S ⊗ |n〉R →
mmax∑
m=0
Cm |m〉S ⊗ |n−m〉R = |Ψn〉RS
(289)
The mapping results in an entangled state where there are n bosons distributed
betweeen the two modes. This state |Ψn〉RS is a pure state which is compatible
with the SSR and is in one-one correspondence with the original system state
|Φ〉S . Note that to create this state the reference state |n〉R must have more
bosons in it than mmax. The density operator for the original pure system
S state would be σ̂S = |Φ〉S 〈Φ|S , and we note that this state violates the
SSR. The state |Φ〉S would be essentially a Glauber coherent state if Cm =
exp(−|α|2/2)αm/(√m!), with mmax ≫ |α|2. However, for the mapped state
|Ψn〉RS the reduced density operator ρ̂S is given by
ρ̂S = TrR(|Ψn〉RS 〈Ψ|RS)
=
mmax∑
m=0
|Cm|2 |m〉S 〈m|S (290)
This is a mixed state and is compatible with the SSR. For the Glauber coherent
state |Φ〉S this is the Poisson distribution of number states. Hence the original
SSR violating superposition of number states for system S is mapped onto
a state in the combined system for which the reduced density operator is a
statistical mixture and is consistent with the SSR. σ̂S would correspond to
Alice’s description of the state, ρ̂S to Charlie’s.
In the alternative so-called externalisation of the reference frame the map-
ping is between product states, and is the reverse of the previous mapping. The
product state |m〉S ⊗ |n〉R is mapped onto the product state |m〉S ⊗ |m+ n〉R
in the Hilbert space HS ⊗HR where the former is spanned by vectors |m〉S and
the latter by vectors |m+ n〉R, and where n ≥ mmax. Thus
|m〉S ⊗ |n〉R → |m〉S ⊗ |m+ n〉R (291)
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The mapping of the HS ⊗HR state |Ψn〉RS then is
|Ψn〉RS =
mmax∑
m=0
Cm |m〉S ⊗ |n−m〉R
→
mmax∑
m=0
Cm |m〉S ⊗ |n〉R =
(
mmax∑
m=0
Cm |m〉S
)
⊗ |n〉R = |Ξn〉RS
(292)
The mapping results in a non-entangled state which is incompatible with the
SSR. The state in the subspace HS is a coherent superposition of number states,
whilst that in HR is a Fock state. The reduced density operator in HS is σ̂
#
S
given by
σ̂#S = TrR(|Ξn〉RS 〈Ξn|RS)
=
mmax∑
m=0
mmax∑
k=0
CmC
∗
k |m〉S 〈k|S (293)
which is the same as σ̂S = |Φ〉S 〈Φ|S and involves coherences between different
number states in contradiction to the SSR. Clearly this second mapping just
reverses the first one.
Of these two treatments of phase reference frames, the internalisation ver-
sion has a closer link to physics in that the pure state |Ψn〉RS can in prin-
ciple be created and does lead to a way of creating a state that is in one-
one correspondence with any SSR violating pure state |Φ〉S , though it is in
the form of an entangled state of the S, R sub-systems rather than just S
alone. This is an important point to note - the original SSR violating state
does not exist as a state of a separate system, all that exists is an SSR com-
patible entangled state that is in one-one correspondence with it. However,
the general process for creating a state such as |Ψn〉RS is not explained. For
simple cases such as |Φ〉S = (|0〉S + |1〉S)/
√
2 the creation of the required state
|Ψn〉RS = (|0〉S ⊗ |n〉R + |1〉S ⊗ |n− 1〉R)/
√
2, where n ≥ 1 would seem feasible
via the ejection of one boson from a BEC in a Fock state |n〉R into a previously
unoccupied mode. .
13.8 Irreducible Matrix Representations and Super-selection
Rules
If |i〉 (i = 1, 2, ..) are a set of orthonormal basis vectors in the system state
space, then the group of unitary operators T̂ (g) is represented by a group of
unitary matrices D(g)
T̂ (g) |i〉 =
∑
j
Dji(g) |j〉 (294)
with elements Dji(g), and such that D(hg) = D(h)D(g) etc corresponding to
the group properties of the operators. This is a matrix representation of the
transformation group.
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The theory of such group representations and their application to quan-
tum systems is well established, following the pioneering work of Wigner in the
1930s. We can just use the results here. A key concept is that of irreducible
representations. Within the system state space we can in general choose so-
called irreducible sub-spaces, denoted as Γα of dimension dα and spanned by
new orthonormal basis vectors |Γαλ〉 (λ = 1, 2, .., dα) such that
T̂ (g) |Γαλ〉 =
dα∑
µ=1
Dαµλ(g) |Γαµ〉 (295)
For each irreducible sub-space Γα there is no smaller sub-space for which the
operation of all T̂ (g) just leads to linear combinations of vectors within that
sub-space. The dα × dα matrices Dα(g) then form an irreducible matrix repre-
sentation for the transformation group. For different α the representations are
said to be inequivalent.
The irreducible matrices satisfy the so-called great orthogonality theorem [92]∫
w(g)dg Dαµλ(g)D
β
ξτ (g)
∗ =
1
dα
δαβδµξδλτ (296)
The proof of this result is based on Schur’s lemma.
The importance of the irreducible representations and the consequent or-
thogonality theorem lies in its application to Situation B cases, where we have
seen that Charlie’s density operator ρ̂ is invariant under any of the transforma-
tions T̂ (h) ρ̂ T̂ (h)−1 = ρ̂. Suppose we represent ρ̂ in terms of the basis vectors
|Γαλ〉 associated with the irreducible representations
ρ̂ =
∑
αλ
∑
βτ
Rαβλτ |Γαλ〉 〈Γβτ | (297)
where R will be a Hermitian, positive definite matrix with unit trace since it
represents a density operator. Applying the transformation gives
T̂ (h) ρ̂ T̂ (h)−1 =
∑
αλµ
∑
βτξ
Rαβλτ D
α
µλ(h) |Γαµ〉 〈Γβξ| Dβξτ (h)∗
= ρ̂ (298)
Averaging over h and using the great orthogonality theorem gives
ρ̂ =
∑
α
∑
µ
(∑
λ
1
dα
Rααλλ
)
|Γαµ〉 〈Γαµ| (299)
This is in the form of a mixed state involving irreducible state vectors |Γαµ〉
each occuring with a probability Pαµ given by
Pαµ =
∑
λ
1
dα
Rααλλ = P
α (300)
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which is the same for all µ associated with a given irreducible representation
Γα. This is clearly a positive real quantity and since∑
α
∑
µ
Pαµ =
∑
α
∑
µ
∑
λ
1
dα
Rααλλ =
∑
α
∑
λ
Rααλλ
= Tr ρ̂ = 1 (301)
the probabilities sum to unity as required.
The final result for Charlie’s density operator
ρ̂ =
∑
α
∑
µ
Pα |Γαµ〉 〈Γαµ| (302)
demonstrates the presence of a super-selection rule. In Charlie’s description
of the quantum state there are no coherences between states |Γαµ〉 associated
with differing irreducible representations of the transformation group. This
represents the general form of the SSR for all transformation groups in Situation
B cases.
As an example, consider the U(1) group and the single mode bosonic system.
Since the Fock states satisfy T̂ (θa) |na〉 = exp(inaθa) |na〉 they form the basis
for the irreducible representations of the U(1) group, the occupation number
na specifying the irreducible representation and the 1 × 1 matrices exp(inaθa)
being the unitary matrices. Hence Charlie will describe the quantum state as
ρ̂ =
∑
na
P (na) |na〉 〈na| (303)
which is a statistical mixture of Fock states with no coherences between different
Fock states. This result is of the same form as in Eq.(110) and is in accord with
the SSR on boson number.
As another example, consider the U(1) group and the multi-mode bosonic
system. Here sums of products of Fock states
|n1n2...na...;N〉 =
∏
a
|n1〉 |n2〉 .. |na〉 ... N =
∑
a
na (304)
such that the total occupancy is N =
∑
a
na can be used to form irreducible
representations for the transformation group in terms of linear combinations of
the products with the same N . Writing these linear combinations as
|ΨµN〉 =
∑
{n1n2...na...}
CNµ{n1n2...na...} |n1n2...na...;N〉 (305)
we have since T̂ (θ) |n1n2...na...;N〉 = exp(iNθ) |n1n2...na...;N〉 we see that
T̂ (θ) |ΨµN 〉 = exp(iNθ) |ΨµN〉 also, so the |ΨµN 〉 define the irreducible basis states.
The total occupancy N specifies the irreducible representation, but here there
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are many irreducible representations with the same N depending on the various
µ. In this case Charlie will describe the state as
ρ̂ =
∑
N
∑
µ
PNµ |ΨµN 〉 〈ΨµN | (306)
which is a statistical mixture of multi-mode states |ΨµN〉 all with the same total
occupancy N . Although there are coherence terms between individual modal
Fock states, there are no coherences between states with different total occu-
pancy. This result is of the same form as in Eq.(87) and again is an example of
a super-selection rule operating in terms of Charlie’s description of the quantum
state.
Finally, we note that in situation A where the relationship between the
frames is known and there is no invariance for Charlie’s density operator, we do
not have SSR applying. For the single particle case and the translation group
the momentum states
∣∣∣ p−→〉 define the irreducible representations, each specified
by p−→, and as we saw Charlie’s description of the quantum state involved linear
combinations of these irreducible basis vectors, in contradiction to the SSR.
13.9 Non-Entangled States
The essential feature of an non-entangled or separable state is that the sub-
systems are considered to be unrelated to each other. Hence, both for Alice
and Charlie there will be separate reference frames for each sub-system, with
transformation groups - T̂A(ga) for sub-system A, T̂B(gb) for sub-system B, etc
which relate the reference systems of Alice to those of Charlie. The transfor-
mations ga, gb, .. are different. The overall transformation operator would be
of the form T̂ (ga, gb, ..) = T̂A(ga) ⊗ T̂B(gb)⊗ ... Alice would describe a general
non-entangled state as having a density operator
σ̂ =
∑
R
PR σ̂
A
R ⊗ σ̂BR ⊗ σ̂CR ⊗ ... (307)
It then follows for Situation B where the reference frames for Alice and Char-
lie are unrelated, that Charlie would describe the same state via the density
operator
ρ̂ =
∑
R
PR ρ̂
A
R ⊗ ρ̂BR ⊗ ρ̂CR ⊗ ... (308)
where
ρ̂CR =
∫
w(gc)dgc T̂C(gc) σ̂
C
R T̂C(gc)
−1 C = A,B, .. (309)
Note that separate twirl operations are applied to the different sub-systems, as
explicitly shown in the papers by Vaccaro et al [34] (see Section IIIA, Eqn. 3.3
therein) and Paterek et al [36] (see Section 6). This leads for general trans-
formation groups to the local group super-selection rule, where the ρ̂CR involve
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no coherences between states associated with differing irreducible representa-
tions of the transformation group. We see that Charlie also describes a non-
entangled state and with the same mixture probability PR as for Alice. Thus
non-entanglement or separability is a feature that is the same for both Alice
and Charlie, as ought to be the case.
In the context of sub-systems consisting ofmodes (or sets of modes) occupied
by identical bosons, the case of interest is Situation B, with each transformation
group being U(1). Here the relationship between Charlie’s and Alice’s phase
reference frames are unknown. Hence irrespective of Alice’s description of the
sub-system states σ̂AR, σ̂
B
R ,... we see from the previous section that Charlie will
describe the separate sub-system states ρ̂AR, ρ̂
B
R , as statistical mixtures of number
states for the separate modes (or total number states for the sets of modes in
each sub-system). Thus from Charlie’s point of view the separate mode density
operators will satisfy the SSR. Thus we see that the introduction of reference
frames and two observers - Charlie being the external one whose description of
the quantum states is of primary interest - leads to the same SSR outcome as
the simpler considerations set out in SubSections 3.1 and 3.3. Essentially the
same considerations have been used in [25], [34] and the other papers to justify
the local photon number superselection rule.
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14 Appendix 5 - Super-Selection Rule Violations
?
14.1 Preparation of Coherent Superposition of an Atom
and a Molecule ?
A key paper dealing with the coherent superposition of an atom and a molecule
is that by Dowling et al [74], entitled “Observing a coherent superposition of an
atom and a molecule”. Essentially the process involves one atom A interacting
with a BEC of different atoms B leading to the creation of one molecule AB,
with the BEC being depleted by one B atom.
14.1.1 Hamiltonian
The Hamiltonian is given by
Ĥ = ~ωAb̂
†
Ab̂A + ~ωM b̂
†
M b̂M + ~ω2b̂
†
2b̂2 +
~κ
2
(̂b†M b̂Ab̂2 + b̂M b̂
†
Ab̂
†
2) (310)
where b̂A, b̂M and b̂2 are standard bosonic annihilation operators for the atom,
molecule and BEC modes respectively, ωA, ωM and ω2 are the corresponding
mode frequencies and κ defines the interaction strength for the process where a
molecule is created or destroyed from/to an atom A and a BEC atom B. ∆ is
the frequency difference between the molecular state AB and the two separate
states for atoms A and B – this is zero on Feshbach resonance - and is given by
∆ = ωM − ωA − ω2 (311)
The Hamiltonian commutes with the total number operator N̂tot, where
N̂tot = 2 b̂
†
M b̂M + b̂
†
Ab̂A + b̂
†
2b̂2 (312)
where the molecule number operator is multipled by two.
14.1.2 Initial State
Initially the state of the system is given by the density operator Eqs (10) and
(11) in the paper
Ŵ0L =
∫
dθ
2π
exp(−iN̂totθ) |Ψ〉0L 〈Ψ|0L exp(+iN̂totθ) (313)
|Ψ〉0L = |A〉 |β〉 (314)
where |A〉 is a state with one atom A and |β〉 is a Glauber coherent state for
the BEC of atoms B.The super-operator acting on the pure state |Ψ〉0L 〈Ψ|0L is
called the twirling operator, the group of unitary operators exp(−iN̂totθ) depend
on a phase variable θ and are a unitary representation of U(1), the generator
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being N̂tot. These operators act as a symmetry group for the system and leave
the Hamiltonian invariant. The initial state is also given by
Ŵ0L = ρ̂A−M (0)⊗ ρ̂2(0) (315)
ρ̂A−M (0) = |A〉 〈A| (316)
ρ̂2(0) =
∫
dθ
2π
exp(−in̂2θ) |β〉 〈β| exp(+in̂2θ) (317)
=
∑
n
pn(< n >) |n〉 〈n| (318)
=
∫
dθ
2π
|β exp(−iθ)〉 〈β exp(−iθ)| (319)
where n̂2 = b̂
†
2b̂2 is the number uperator for the BEC mode and pn(< n >) =
{exp(− < n >) < n >n /n!} is a Poisson distribution, whose mean is < n >=
|β|2. Initially then there is one atom A and the BEC is in a statistical mixture of
number states with a Poisson distribution, which is mathematically equivalent
to a statistical mixture of Glauber coherent states |β exp(−iθ)〉 with the same
amplitude
√
< n > but with all phases (arg β + θ) being equally weighted.
14.1.3 Implicated Reference Frame
In the paper by Dowling et al [74] the BEC is acting as an implicated phase
reference frame (see [42], [31]). The state of the reference frame as described
by Charlie is given by
ρ̂REF = ρ̂2(0) =
∫
dθ
2π
exp(−in̂2θ) |β〉 〈β| exp(+in̂2θ) (320)
and from Eq. (310), there is an interaction between the reference BEC and the
separate atom A and molecule M systems. However, because < n >= |β|2 is
very large, the BEC is essentially unchanged during the process, as reflected in
the use of approximations in eqs (27), (28) of the paper. Another implicated
phase reference frame situation, but involving a two mode reference frame is
discussed in the paper by Paterek et al [36]
Overall, in terms of the discussion in Appendix 13 Ŵ0L would be Charlie’s
description of the initial state, whereas Alice would describe it as |Ψ〉0L 〈Ψ|0L.
Presumably in the paper by Dowling et al [74] what is referred to as the ”state
of the laboratory” be Charlie’s reference frame, and what they refer to as the
”internal reference frame” would refer to that of Alice. However, whether Alice
could actually prepare such a state as |Ψ〉0L 〈Ψ|0L is controversial - see SubSec-
tions 3.1 and 3.3, though here this is assumed to be possible.
14.1.4 Process - Alice and Charlie Descriptions
There are three stages in the process, the first being with the interaction that
turns separate atoms A and B into the molecule AB turned on at Feshbach
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resonance for a time t = π/(2κ < n >), the second being free evolution at large
Feshbach detuning ∆ for a time τ leading to a phase factor φ = ∆τ , the third
being again with the interaction turned on at Feshbach resonance for a further
time t = π/(2κ < n >). The typical initial state |Ψ〉0L given by |A〉 |β〉 (eq
(11)) evolves into |Ψ〉3L given by (see eq. (32) of paper)
|Ψ〉3L =
(
sin(
φ
2
) |A〉 − exp(i argβ) cos(φ
2
) |M〉
)
|β〉 (321)
using approximations set out in eqs (27), (28) of the paper that depend on
< n > being large. Here |M〉 is a state with one molecule AB. Thus it looks
like a coherent superposition of an atom state |A〉 and a molecule state |M〉
has been prepared, the atom plus molecule system being disentangled from the
BEC. Alice would describe the final state of the system as |Ψ〉3L 〈Ψ|3L, so from
her point of view a coherent superposition of an atom and a molecule has been
prepared.
However, for Charlie the final state of the system is described by a den-
sity operator Ŵ3L which is reconstructed by applying the twirling operator to
|Ψ〉3L 〈Ψ|3L . Noting that
exp(−iN̂totθ) |Ψ〉3L =
(
exp(−iθ) sin(φ
2
) |A〉 − exp(−2iθ) exp(i argβ) cos(φ
2
) |M〉
)
|β exp(−iθ)〉
(322)
and using
Tr2(|β exp(−iθ)〉 〈β exp(−iθ)|) = 〈β exp(−iθ)|β exp(−iθ)〉 = 1 (323)
we see that Charlie’s final reduced density operator for the atom-molecule system
is
ρ̂A−M (3) = Tr2Ŵ3L
= Tr2
∫
dθ
2π
exp(−iN̂totθ) |Ψ〉3L 〈Ψ|3L exp(+iN̂totθ)
=
∫
dθ
2π
(
exp(−iθ) sin(φ
2
) |A〉 − exp(−2iθ) exp(i argβ) cos(φ
2
) |M〉
)
×
(
exp(+iθ) sin(
φ
2
) 〈A| − exp(+2iθ) exp(−i argβ) cos(φ
2
) 〈M |
)
= sin2(
φ
2
) |A〉 〈A|+ cos2(φ
2
) |M〉 〈M | (324)
Thus the coherence terms like |A〉 〈M | and |M〉 〈A| do not appear in the final
density operator when the average over θ (not β) is carried out.
For Charlie the density operator for the atom and molecule is of course a
statistical mixture of a state with one atom and no molecule and a state with
no atom and one molecule. The authors of [74] actually point this out in the
paragraph after eq (35) where (presumably for the case φ = π/4) it is stated “the
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state is found to be . . . an incoherent mixture of an atom and a molecule.”. The
probabilities for detecting an atom A or a molecule AB are as in eq (33) of the
paper. In terms of Charlie’s description, the density operator at the end of the
preparation process does not signify the existence of a coherent superposition of
an atom and a molecule, as the title to the paper might be taken to imply. The
existence of such a coherent superposition would of course be present in Alice’s
description, but it is Charlie’s (laboratory) description that is more relevant.
14.1.5 Interference Effects Without SSR Violation
Note that interference effects are still present since the atom or molecule de-
tection probabilities depend on the phase φ associated with the free evolution
stage of the process. However, as in many other instances, the presence of co-
herence effects does not require the existence of coherent superposition states
that violate the super-selection rule. The authors actually point this out in the
paragraph after eq (35), where it is stated “we have clearly predicted the stan-
dard operational signature of coherence, namely Ramsey type fringes, but the
coherence is not present in our mathematical description of the system.” What
they are referring to is Charlie’s description of the final state - which indeed
shows no such coherence, but the belief that coherent superposition states are
needed to predict coherence effects is mistaken.
To drive this point home, the process can be treated with the initial state for
the BEC being given as a Fock state |N〉. With the interaction being given as in
Eq.(310) (eq (14) in the paper) the state vector is a simple linear combination
of two terms
|Ψ(t)〉 = A(t) |A〉 |N〉+B(t) |M〉 |N − 1〉 (325)
This is of course an entangled state. Coupled equations for the two amplitudes
A(t) and B(t) can easily be obtained and simple solutions obtained for stages
where the Feshbach detuning is either zero or large. The state vector is continu-
ous from one stage to the next , and the reduced density operator at the end of
the three stage process for the atom plus molecule sub-system can be obtained.
It is of the form
ρ̂A−M (3) = Tr2(|Ψ(3)〉 〈Ψ(3)|)
= sin2(
φ
2
) |A〉 〈A|+ cos2(φ
2
) |M〉 〈M | (326)
which is of course a statistical mixture of a state with one atom and no molecule
and a state with no atom and one molecule - and is exactly the same result as
obtained in the paper by Dowling et al.[74]. Note that coherence effects in regard
to the interferometric dependence on φ for measurements on the final state has
been found without invoking either the description of the BEC via Glauber
coherent states or the presence of a coherent superposition of an atomic and a
molecular state. The result can easily be extended for the case where the BEC
is initially in a statistical mixture of Fock states with differing N occuring with
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a probability PN . Each initial state |A〉 |N〉 evolves as in Eq. (325). We then
would have
ρ̂A−M (3) = Tr2(
∑
N
PN |ΨN(3)〉 〈ΨN(3)|)
=
∑
N
PN
(
sin2(
φ
2
) |A〉 〈A|+ cos2(φ
2
) |M〉 〈M |
)
= sin2(
φ
2
) |A〉 〈A|+ cos2(φ
2
) |M〉 〈M | (327)
which is the same as before. Allowing for a statistical mixture of Fock states
makes no difference to the interferometric result.
14.1.6 Conclusion
Dowling et al [74] state in their abstract that “we demonstrate that it is pos-
sible to perform a Ramsey-type interference experiment to exhibit a coherent
superposition of a single atom and a diatomic molecule” . However the inter-
ferometric effects (involving the dependence on φ) cannot be said to exhibit the
existence of such a coherent superposition, since the same interferometric re-
sults can be obtained without ever introducing such a quantum state. There is
not a convincing case that quantum states that violate the super-selection rule
forbidding the creation of coherent superpositions of Fock states with differing
particle numbers can be created, even in Alice’s reference system. The fact that
an SSR violating state |Ψ〉3L 〈Ψ|3L is created in Alice’s reference system is not
surprising, because in the process considered the initial state |β〉 for the BEC
was assumed as a factor in Alice’s initial state, and this was itself inconsistent
with the SSR. Furthermore, such SSR violating states are not needed to de-
scribe coherence and interference effects, so that justification for their physical
existence also fails.
14.2 Detection of Coherent Superposition of a Vacuum
and a One-Boson State ?
Whether such super-selection rule violating states can be detected has also not
been justified. For example, consider the state given by a superposition of
a one boson state and the vacuum state (as discussed in [75]). Consider an
interferometric process in which one mode A for a two mode BEC interferometer
is initially in the state α |0〉+β |1〉, and the other mode B is initially in the state
|0〉 - thus |Ψ(i)〉 = (α |0〉+β |1〉)A⊗|0〉B in the usual occupancy number notation,
where |α|2+|β|2 = 1. Modes A, B could refer to two different hyperfine states of
a bosonic atom with non-relativistic energies ~ωA.and ~ωB, mode annihilation
operators â, b̂. The modes are first coupled by a beam splitter, which could be
a resonant microwave pulse that causes transitions between the two hyperfine
133
states and which can be described via a unitary operator ÛBS such that
ÛBS(|1〉A ⊗ |0〉B) = (|1〉A ⊗ |0〉B − i |0〉A ⊗ |1〉B)/
√
2
ÛBS(|0〉A ⊗ |1〉B) = (−i |1〉A ⊗ |0〉B + |0〉A ⊗ |1〉B)/
√
2
ÛBS(|0〉A ⊗ |0〉B) = (|0〉A ⊗ |0〉B). (328)
After passing through the beam splitter the system is allowed to evolve freely
for a time τ , the Hamiltonian being Ĥfree = (mc
2+~ωA)â
†â+(mc2+~ωB )̂b†b̂ -
where collisional effects have been ignored and the rest mass energy included for
completeness. Following the free evolution stage, the modes are then coupled
again via a beam splitter, and the probability of an atom being found in modes
A, B then being measured. A straightforward treatment of the evolution shows
that the final state is given by
|Ψ(f)〉 = α(|0〉A ⊗ |0〉B)
+β exp(−i{mc2/~+ ωA}τ )
×
(
1− exp(−i∆τ)
2
(|1〉A ⊗ |0〉B)− i
1 + exp(−i∆τ)
2
(|0〉A ⊗ |1〉B)
)
(329)
where ∆ = ωB − ωA is the detuning. The probabilities of finding one atom in
modes A, B respectively are
P10 = |β|2 sin2(∆τ/2) P01 = |β|2 cos2(∆τ/2) (330)
Thus whilst coherence effects occur depending on the phase difference φ = ∆τ
associated with the interferometric process, the overall detection probabilities
only depend on the initial state via |β|2. There is no dependence on the rela-
tive phase between α and β, as would be required if the superposition state
α |0〉 + β |1〉 is to be specified from the measurement results. Exactly the
same detection probabilities are obtained if the initial state is the mixed state
ρ̂(i) = |α|2(|0〉A 〈0|A⊗ |0〉B 〈0|B) + |β|2(|1〉A 〈1|A⊗ |0〉B 〈0|B), in which the vac-
uum state for mode A occurs with a probability |α|2 and the one boson state
for mode A occurs with a probability |β|2. In this example the coherent super-
position associated with the super-selection rule violating state would not be
detected in the interferometric process. The paper by Dunningham et al [75]
considers first a detection process that involves using a Glauber coherent state
as one of the input states. Similar interference effects as in Eq. (330) are ob-
tained. A second detection process in which the single term Glauber coherent
state is replaced by a statistical mixture with all phases equally weighted in
considered next, leading to the same interference effects. This again confirms
that it is not necessary to invoke the existence of coherent superpositions of
number states in order to demonstate interference effects.
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15 Appendix 6 - Non-Physical Two Mode States
We now consider some possible states for the second mode B - to be combined
with ρ̂A1 , ρ̂
A
2 and P1, P2 as in Eq. (102). These states are two general pure
orthogonal states of the form α |0〉B+β |1〉B and −β∗ |0〉B+α∗ |1〉B with (|α|2+
|β|2) = 1. We have
ρ̂B1 = ((α |0〉B + β |1〉B)) ((α∗ 〈0|B + β∗ 〈1|B))
ρ̂B2 = ((−β∗ |0〉B + α∗ |1〉B)) ((−β 〈0|B + α 〈1|B)) (331)
This gives the reduced density operator
ρ̂B =
1
2
(|0〉B 〈0|B) +
1
2
(|1〉B 〈1|B) (332)
A straightforward calculation gives for the overall density operator for the
two mode non-entangled state as in Eq. (3)
ρ̂ = ρ̂1 + ρ̂2
where the ρ̂1, ρ̂2 are contributions that are consistent with or inconsistent with
the super-selection rule. We have
ρ̂1 =
1
4
|0〉A 〈0|A ⊗ |0〉B 〈0|B +
1
4
|1〉A 〈1|A ⊗ |0〉B 〈0|B
+
1
4
|0〉A 〈0|A ⊗ |1〉B 〈1|B +
1
4
|1〉A 〈1|A ⊗ |1〉B 〈1|B
+
1
2
α∗β |0〉A 〈1|A ⊗ |1〉B 〈0|B +
1
2
αβ∗ |1〉A 〈0|A ⊗ |0〉B 〈1|B (333)
and
ρ̂2 =
1
4
(|α|2 − |β|2) |0〉A 〈1|A ⊗ |0〉B 〈0|B +
1
4
(|α|2 − |β|2) |1〉A 〈0|A ⊗ |0〉B 〈0|B
+
1
4
(|β|2 − |α|2) |0〉A 〈1|A ⊗ |1〉B 〈1|B +
1
4
(|β|2 − |α|2) |1〉A 〈0|A ⊗ |1〉B 〈1|B
+
1
2
α∗β |1〉A 〈0|A ⊗ |1〉B 〈0|B +
1
2
αβ∗ |0〉A 〈1|A ⊗ |0〉B 〈1|B (334)
Now to make ρ̂2 = 0 requires |α|2 = |β|2so that the first four terms in ρ̂2
are zero. This in combination with |α|2 + |β|2) = 1 leads to |α| = |β| = 1√
2
.
However this results in the remaining two terms in ρ̂2 - which are coherences
between N = 0 and N = 2 states - always being non-zero. Overall then, no
choice of α, β will lead to a overall density operator which is physical. Adding
further states |2〉B, |3〉B, ...does not rectify the problem.
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16 Appendix 7 - Classical Entanglement
In addition to quantum entanglement there is a body of work (see [53], [54],
[55]) dealing with so-called classical entanglement . Here the states of classical
systems are represented via formalisms involving linear vector spaces and clas-
sical entanglement is defined mathematically. The case of the electromagnetic
(EM) field provides such an example, here the real vector electric field E−→(r, t)
for the simple non-stochastic situation may be written as
E−→(r, t) = x̂ Ex(r, t) + ŷ Ey(r, t) + ẑ Ez(r, t) (335)
where x̂, ŷ, ẑ are orthogonal unit polarization vectors and Ex, Ey, Ez are field
functions for the corresponding components. Both the unit vectors and com-
ponents may be complex if circular rather than linear polarization vectors are
used, and E−→(r, t) can be expanded in terms of different choices of polarization
vectors and their associated components. In classical physics E−→(r, t) specifies
the state of the field, so in effect the six quantities x̂, ŷ, ẑ and Ex, Ey, Ez - all of
which can be simultaneously specified and which determine the E−→ field state.
Strictly speaking, the magnetic field B−→(r, t) should also be included, but for
simplicity we ignore it. Also, the field may require an ensemble of stochastic
fields {E−→(r, t)}to specify it, described via a distribution function, but here we
just consider the simple non-stochastic case. In a different specification of the
same classical field state in the form E−→(r, t) = û Eu(r, t)+ v̂ Ev(r, t)+ŵ Ew(r, t)
the new polarizations û, v̂, ŵ and components Eu, Ev, Ew also specify the state,
and the new polarizations and components are just linear combinations of the
old.
16.1 Classical Ket Vector Formalism and Entangled States
Because of this linearity the polarizations and components can be described
formally as vectors in two linear vector spaces, one for polarizations the other
for components. Thus the E−→ field state is now written as∣∣∣E−→(r, t)〉 = |x̂〉 |Ex(r, t)〉 + |ŷ〉 |Ey(r, t)〉+ |ẑ〉 |Ez(r, t)〉 (336)
in a form simular to |Φ〉 = ∑
αβ..
Cαβ |ΦαA〉 ⊗
∣∣∣ΦβB〉 for a pure state of a bipartite
quantum system. The quantities |x̂〉 , |ŷ〉 , |ẑ〉 would then specify particular po-
larization states and the quantities |Ex(r, t)〉 , |Ey(r, t)〉 , |Ez(r, t)〉 would then
specify the states of their related components. One could even introduce scalar
products in these two state spaces, thus〈
â |̂b
〉
≡ â∗ · b̂ 〈Ea(r, t) |Eb(r, t)〉 ≡
∫
drEa(r, t)
∗Eb(r, t) (337)
which satisfy the standard rules for scalar products. In this formalism the clas-
sical state
∣∣∣E−→(r, t)〉 is a state of a composite system in which polarization and
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components are thought of as being the two sub-systems. The state
∣∣∣E−→(r, t)〉
is then defined as a classically entangled state for these two sub-systems just
as
∑
αβ..
Cαβ |ΦαA〉 ⊗
∣∣∣ΦβB〉 is defined as a quantum entangled state of the two
sub-systems A and B. A state of the form
∣∣∣E−→(r, t)〉 = |û〉 |Eu(r, t)〉 would then
be a non-entangled or separable state, and this corresponds to a classical EM
field state E−→(r, t) = û Eu(r, t) with a definite polarization. Polarization and
components are like two sub-systems in that they are clearly different to each
other.
16.2 Circular Polarization States
Of course the states of these two distinct sub-systems are such that they cannot
be changed independently of each other when describing the same classical state
- as is also the case for quantum sub-systems. If the polarizations states are
changed as in
|û〉 = 1√
2
(|x̂〉+ i |ŷ〉) |v̂〉 = 1√
2
(|x̂〉 − i |ŷ〉) |ŵ〉 = |ẑ〉 (338)
corresponding to changing from linear to circular polarization, then the compo-
nents are changed as
|Eu(r, t)〉 = 1√
2
(|Ex(r, t)〉−i |Ey(r, t)〉) |Ev(r, t)v̂〉 = 1√
2
(|Ex(r, t)〉+i |Ey(r, t)〉) |Ew(r, t)〉 = |Ez(r, t)〉
(339)
Independent changes to the polarization and component sub-systems would
describe differing classical states.
16.3 Quantum Treatment
The classical ket vector formalism may be contrasted to the quantum treatment
of the EM field. Expressions such as (335) apply to the electric field operator
Ê−→(r, t) = x̂ Êx(r, t) + ŷ Êy(r, t) + ẑ Êz(r, t) (340)
where the components now become field operators. A pure quantum state for
the EM field is represented by a ket vector |Φ〉 and the equivalent classical state
for the field is specified by the mean value of the vector field operator〈
Ê−→(r, t)
〉
= x̂
〈
Êx(r, t)
〉
+ ŷ
〈
Êy(r, t)
〉
+ ẑ
〈
Êz(r, t)
〉
(341)
This expression is the true equivalent of (335), here components are c-number
mean values and polarization vectors remain ordinary vectors - not turned into
ket vectors We note that the quantum expression for a general pure state of the
EM field would be an entangled state of the form
∑
{na,nb,..}
C(na, nb, ...) |na〉 |nb〉 ...,
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where the |nk〉 are Fock states with nk photons in mode k. In the quantum
approach the sub-systems are modes, each specified by a wave-vector and a po-
larization. In the classical case the Ea(r, t) may be expanded in terms of plane-
wave modes with differing wave-vectors, so both wave-vectors and polarizations
are involved there also. However, in the quantum approach the sub-systems are
entities that are specified jointly by wave-vectors and polarizations, unlike in
the classical ket vector formalism where they are treated separately.
16.4 Several Light Beams
The classical ket vector formalism has been extended to treat EM fields involving
several spatially separate light beams. In the case of two separate light beams
with classical field states E−→(r, t)1 and E−→(r, t)2 one would normally write the
total classical field as
E−→(r, t) = E−→(r, t)1 + E−→(r, t)2 (342)
However in the classical ket vector formalism the classical state is represented
by a tensor product [54]∣∣∣E−→(r, t)〉 = ∣∣∣E−→(r, t)〉1 ⊗ ∣∣∣E−→(r, t)〉2 (343)
and if there were more than one state for each of the separate light beams
E−→(r, t)1a, E−→(r, t)1b etc, then entangled states of the form∣∣∣E−→(r, t)〉 = A ∣∣∣E−→(r, t)〉1a ⊗ ∣∣∣E−→(r, t)〉2a +B ∣∣∣E−→(r, t)〉1b ⊗ ∣∣∣E−→(r, t)〉2b (344)
can exist, where A, B can be any c-numbers. It is not obvious what the
overall classical state associated with this vector would be. Is it A(E−→(r, t)1a +
E−→(r, t)2a) +B(E−→(r, t)1b + E−→(r, t)2b) or something else ?
Again we may contrast this with the quantum treatment. Separate beams
would be associated with differing field modes - presumably localised in differ-
ent spatial regions, so the electric field operator may be written in full tensor
notation as the sum of contributions from the two separate sets of modes
Ê−→(r, t) = Ê−→(r, t)1 ⊗ 1̂2 + 1̂1 ⊗ Ê−→(r, t)2 (345)
Separate states for the two beams would be of the form |Φ〉 = |Φ〉1 ⊗ |Φ〉2 and
pure entangled states would be expressed as
|Φ〉 = α |Φ〉1a ⊗ |Φ〉2a + β |Φ〉1b ⊗ |Φ〉2b (346)
where we assume the states for each beam are normalised to unity. A straight-
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forward calculation shows the the mean electric field is〈
Ê−→(r, t)
〉
= |α|2 〈Φ|1a Ê−→(r, t)1 |Φ〉1a + |β|
2 〈Φ|1b Ê−→(r, t)1 |Φ〉1b
+|α|2 〈Φ|2a Ê−→(r, t)2 |Φ〉2a + |β|
2 〈Φ|2b Ê−→(r, t)2 |Φ〉2b
+α∗β 〈Φ|1a Ê−→(r, t)1 |Φ〉1b 〈Φ|2a |Φ〉2b + α
∗β 〈Φ|1a |Φ〉1b 〈Φ|2a Ê−→(r, t)2 |Φ〉2b
+β∗α 〈Φ|1b Ê−→(r, t)1 |Φ〉1a 〈Φ|2b |Φ〉2a + β
∗α 〈Φ|1b |Φ〉1a 〈Φ|2b Ê−→(r, t)2 |Φ〉2a
(347)
There is no obvious similarity with possible forms for the electric field clas-
sical state associated with (344). Even if we made the different states asso-
ciated with the beams orthogonal 〈Φ|2a |Φ〉2b = 〈Φ|1a |Φ〉1b = 0 to eliminate
terms that are associated with both beams together, contributions such as
(〈Φ|1a Ê−→(r, t)1 |Φ〉1a + 〈Φ|2a Ê−→(r, t)2 |Φ〉2a) that would be associated with the
classical ket tensor product state
∣∣∣E−→(r, t)〉1a⊗ ∣∣∣E−→(r, t)〉2a are weighted by |α|2
– which is always real and positive, whereas the coefficient A in the classical
entangled state could be any c-number. There just does seem to be a meaningful
way to reproduce the classical field associated with an actual quantum entangled
state for two separate beams via the classical tensor product formalism.
16.5 Classically Entangled States - Joint Measurements
on Sub-Systems
In the case of the classically entangled state for the electric field (336) defined in
SubSection 2.2.4 classical measurements can be performed to give deterministic
results for every one of the polarization and component states. Thus for (336)
the probability for measuring polarizations û, v̂, ŵ and components Eu, Ev, Ew
is
P (û, v̂, ŵ, Eu, Ev, Ew) = 1 If(û = x̂, v̂ = ŷ, ŵ = ẑ, Eu = Ex, Ev = Ey, Ew = Ez)
= 0 Otherwise (348)
Introducing the sub-system probabilities
PPol(û, v̂, ŵ) = 1 If(û = x̂, v̂ = ŷ, ŵ = ẑ)
= 0 Otherwise (349)
and
PCompt(Eu, Ev, Ew) = 1 If(Eu = Ex, Ev = Ey, Ew = Ez)
= 0 Otherwise (350)
we see that
P (û, v̂, ŵ, Eu, Ev, Ew) = PPol(û, v̂, ŵ)× PCompt(Eu, Ev, Ew) (351)
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This is the characteristic result for a non-entangled state, not an entangled
state. Hence the classical entangled states - of which (336) is a typical example,
fail to exhibit the characteristic key feature of quantum entanglement. Classical
and quantum entanglement are basically different in spite of their mathematical
similarities.
16.6 Classical Entanglement and Bell Inequality
TO BE WRITTEN
Thus, in spite of some similarities, there are key features that is not anal-
ogous to that for quantum sub-systems. In the end, classical and quantum
entanglement are fundamentally different when the physics of the two different
types of system - one classical and deterministic, the other quantum and prob-
abilistic are taken into account rather than just focusing on similarities in the
mathematical formalisms. The key feature of quantum entanglement is different
to the corresponding one for classical entanglement.
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17 Appendix 8 - Derivation of Sorensen et al
Results
Sorensen et al [45] derive a number of ineqalities from which they deduce a
further inequality for the spin squeezing parameter in the case of a non-entangled
state. From this result they conclude that spin squeezing implies entanglement.
The final inequality they obtain for a non-entangled state is〈
∆Ŝ 2z
〉
≥ 1
N
(〈
Ŝ x
〉2
+
〈
Ŝ y
〉2)
(352)
Their approach is based on writing the density operator for a non-entangled
state of N identical particles as in Eq. (79)
ρ̂ =
∑
R
PR ρ̂
1
R ⊗ ρ̂2R ⊗ ρ̂3R ⊗ ... =
∑
R
PR ρ̂R (353)
The spin operators are defined as Ŝx =
∑
i
Ŝix =
∑
i(|φb(i)〉 〈φa(i)|+|φa(i)〉 〈φb(i)|)/2
; Ŝy =
∑
i
Ŝiy =
∑
i(|φb(i)〉 〈φa(i)|−|φa(i)〉 〈φb(i)|)/2i ; Ŝz =
∑
i
Ŝiz =
∑
i(|φb(i)〉 〈φb(i)|−
|φa(i)〉 〈φa(i)|)/2 , where the sum i is over the identical atoms and each atom is
associated with two states |φa〉 and |φb〉. Clearly, the spin operators satisfy the
standard commutation rules for agular momentum operators.
Sorensen et al [45] state that the variance for Ŝz satisfies the result〈
∆Ŝ 2z
〉
=
N
4
−∑
R
PR
∑
i
〈
Ŝiz
〉2
R
+
∑
R
PR
〈
Ŝz
〉2
R
−
〈
Ŝz
〉2
(354)
To prove this we have〈
Ŝ 2z
〉
=
∑
R
PR Tr(ρ̂R
∑
i
∑
j
ŜizŜ
j
z)
=
∑
R
PR
(∑
i
〈(
Ŝiz
)2〉
R
+
∑
i6=j
〈
Ŝiz
〉
R
〈
Ŝjz
〉
R
)
=
N
4
+
∑
R
PR
(∑
i6=j
〈
Ŝiz
〉
R
〈
Ŝjz
〉
R
)
(355)
where we have used(
Ŝiz
)2
=
1
4
(|φb(i)〉 〈φb(i)| − |φa(i)〉 〈φa(i)|)2
=
1
4
(|φb(i)〉 〈φb(i)|φb(i)〉 〈φb(i)| − (|φb(i)〉 〈φb(i)|φa(i)〉 〈φa(i)|)
+
1
4
(−(|φa(i)〉 〈φa(i)|φb(i)〉 〈φb(i)|+ (|φa(i)〉 〈φa(i)|φa(i)〉 〈φa(i)|)
=
1
4
((|φb(i)〉 〈φb(i)|+ (|φa(i)〉 〈φa(i)|)
=
1
4
1̂i (356)
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a result based on the orthogonality, normalisation and completeness of the states
|φa(i)〉 , |φb(i)〉. Also〈
Ŝ z
〉
R
= Tr(ρ̂R
∑
i
Ŝiz)
=
∑
i
〈
Ŝiz
〉
R∑
R
PR
〈
Ŝz
〉2
R
=
∑
R
PR
(∑
i
〈
Ŝiz
〉2
R
+
∑
i6=j
〈
Ŝiz
〉
R
〈
Ŝjz
〉
R
)
(357)
so eliminating the term
∑
R PR
(∑
i6=j
〈
Ŝiz
〉
R
〈
Ŝjz
〉
R
)
gives the required expres-
sion for
〈
∆Ŝ 2z
〉
=
〈
Ŝ 2z
〉
−
〈
Ŝz
〉2
.
Next, Sorensen et al [45] state that〈
Ŝx
〉2
≤ N∑
R
PR
∑
i
〈
Ŝix
〉2
R
〈
Ŝ y
〉2
≤ N
∑
R
PR
∑
i
|
〈
Ŝiy
〉
R
|2 (358)
To prove this we have 〈
Ŝ x
〉
=
∑
R
PR Tr(ρ̂R
∑
i
Ŝix)
=
∑
R
PR
∑
i
〈
Ŝix
〉
R
|
〈
Ŝ x
〉
| ≤
∑
R
PR
∑
i
|
〈
Ŝix
〉
R
| (359)
since the modulus of a sum is less than or equal to the sum of the moduli. Now
〈
Ŝ x
〉2
= |
〈
Ŝ x
〉
|2 ≤
(∑
R
PR
∑
i
|
〈
Ŝix
〉
R
|
)2
≤
∑
R
PR
(∑
i
|
〈
Ŝix
〉
R
|
)2
(360)
using the general result that
(∑
R
PR
√
CR
)2
≤∑
R
PR CR, where
∑
R
PR = 1 with
here
√
CR =
∑
i
|
〈
Ŝix
〉
R
|. Next consider
y = N
∑
i
|
〈
Ŝix
〉
R
|2
z =
(∑
i
|
〈
Ŝix
〉
R
|
)2
=
(∑
i
|
〈
Ŝix
〉
R
|
)2
y − z = ∑
i<j
(|
〈
Ŝix
〉
R
| − |
〈
Ŝjx
〉
R
|)2 ≥ 0 (361)
142
so that〈
Ŝ x
〉2
≤ N
∑
R
PR
∑
i
|
〈
Ŝix
〉
R
|2
〈
Ŝ y
〉2
≤ N
∑
R
PR
∑
i
|
〈
Ŝiy
〉
R
|2 (362)
which is the required result. The inequality for
〈
Ŝ y
〉2
is proved similarly.
Another inequality is stated [45] for
〈
Ŝ z
〉2
. This is
〈
Ŝ z
〉2
≤
∑
R
PR
〈
Ŝz
〉2
R
(363)
To show this we have 〈
Ŝ z
〉
=
∑
R
PR Tr(ρ̂R
∑
i
Ŝiz)
=
∑
R
PR
∑
i
〈
Ŝiz
〉
R
=
∑
R
PR
〈
Ŝz
〉
R
|
〈
Ŝ z
〉
| ≤
∑
R
PR |
〈
Ŝz
〉
R
| (364)
so that
〈
Ŝ z
〉2
= |
〈
Ŝ z
〉
|2 ≤
(∑
R
PR |
〈
Ŝz
〉
R
|
)2
≤
∑
R
PR |
〈
Ŝz
〉
R
|2
=
∑
R
PR
〈
Ŝz
〉2
R
(365)
using the general result that
(∑
R
PR
√
CR
)2
≤∑
R
PR CR, where
∑
R
PR = 1 with
here
√
CR = |
〈
Ŝz
〉
R
|.
Finally, we find that∑
R
PR
∑
i
(〈
Ŝix
〉2
R
+
〈
Ŝiy
〉2
R
+
〈
Ŝiz
〉2
R
)
≤ 1
4
N
−
∑
R
PR
∑
i
(〈
Ŝiz
〉2
R
)
≥ −1
4
N +
∑
R
PR
∑
i
(〈
Ŝix
〉2
R
+
〈
Ŝiy
〉2
R
)
(366)
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To show this we use the properties of the density operator ρ̂iR for the ith particle
of Hermitiancy, positiveness, unit trace Tr(ρ̂iR) = 1 and Tr(ρ̂
i
R)
2 ≤ 1. In terms
of matrix elements of the density operator ρ̂iR between the two states |φa(i)〉,
|φb(i)〉 the quantities
〈
Ŝix
〉
R
,
〈
Ŝiy
〉
R
and
〈
Ŝiz
〉
R
are
〈
Ŝix
〉
R
= Tr(ρ̂iR
1
2
(|φb(i)〉 〈φa(i)|+ |φa(i)〉 〈φb(i)|))
=
1
2
(
ρiab + ρ
i
ba
)
〈
Ŝiy
〉
R
=
1
2i
(
ρiab − ρiba
)
〈
Ŝiz
〉
R
=
1
2
(
ρibb − ρiaa
)
(367)
where ρicd = 〈φc(i)| ρ̂iR |φd(i)〉. The Hermitiancy and positiveness of ρ̂iR show
that ρibb and ρ
i
aa are real and positive, ρ
i
ab = (ρ
i
ba)
∗ and ρiaaρ
i
bb−|ρiab|2 ≥ 0. The
condition Tr(ρ̂iR) = 1 leads to ρ
i
aa + ρ
i
bb = 1, from which Tr(ρ̂
i
R)
2 ≤ 1 follows
using the previous positivity results. Taken together these conditions lead to
the following useful parametrisation of the density matrix elements
ρiaa = sin
2 αi ρ
i
bb = cos
2 αi
ρiab =
√
sin2 αi cos2 αi sin
2 βi exp(+iφi) ρ
i
ba =
√
sin2 αi cos2 αi sin
2 βi exp(−iφi)
(368)
where αi, βi and φi are real. In terms of these quantities we then have〈
Ŝix
〉
R
=
1
2
sin 2αi sin
2 βi cosφi〈
Ŝiy
〉
R
=
1
2
sin 2αi sin
2 βi sinφi〈
Ŝiz
〉
R
=
1
2
cos 2αi (369)
It is then easy to show that〈
Ŝix
〉2
R
+
〈
Ŝiy
〉2
R
+
〈
Ŝiz
〉2
R
=
1
4
− 1
4
sin2 2αi (1− sin4 βi )
≤ 1
4
(370)
and the final inequality (366) then follows by taking the sum over particles i
and then using
∑
R PR = 1. If only the Schwarz inequality is used instead of
the more detailed consequences of Hermtiancy, positiveness etc it can be shown
that
〈
Ŝix
〉2
R
+
〈
Ŝiy
〉2
R
+
〈
Ŝiz
〉2
R
≤ 34 , which though correct is not useful.
Combining the inequalities in Eqs. (358), (363) and (366) into Eq. (354)
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shows that〈
∆Ŝ 2z
〉
=
N
4
−∑
R
PR
∑
i
〈
Ŝiz
〉2
R
+
∑
R
PR
〈
Ŝz
〉2
R
−
〈
Ŝz
〉2
≥ N
4
−∑
R
PR
∑
i
〈
Ŝiz
〉2
R
≥ N
4
− 1
4
N +
∑
R
PR
∑
i
(〈
Ŝix
〉2
R
+
〈
Ŝiy
〉2
R
)
≥ 1
N
(〈
Ŝ x
〉2
+
〈
Ŝ y
〉2)
(371)
for the case of a non-entangled state. This result is that in Sorensen et al.[45].
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18 Appendix 9 - Revised Sorensen et al
18.1 Variance
〈
∆Ŝ 2
x
〉
for Single Mode Sub-Systems
Here we will see if the modified approach to Sorensen et al can lead to a useful
inequality for
〈
∆Ŝ 2x
〉
or.
〈
∆Ŝ 2y
〉
that applies when non-entangled states are
those when all the separate modes âi and b̂i are the sub-systems . We will
attempt to follow the approach used for the simple two mode case in Section 5.
Firstly, the variance for a Hermitian operator Ω̂ in a mixed state
ρ̂ =
∑
R
PR ρ̂R (372)
is always greater than or equal to the the average of the variances for the separate
components 〈
∆Ω̂ 2
〉
≥
∑
R
PR
〈
∆Ω̂2
〉
R
(373)
where
〈
∆Ω̂ 2
〉
= Tr(ρ̂∆Ω̂ 2) with ∆Ω̂ = Ω̂−
〈
Ω̂
〉
and
〈
∆Ω̂ 2
〉
R
= Tr(ρ̂R∆Ω̂R
2)
with ∆Ω̂R = Ω̂−
〈
Ω̂
〉
R
. The proof is straight-forward and given in Ref. [81].
Next we calculate
〈
∆Ŝ 2x
〉
R
,
〈
∆Ŝ 2y
〉
R
and
〈
Ŝx
〉
R
,
〈
Ŝy
〉
R
,
〈
Ŝz
〉
R
for the
case where
ρ̂ =
∑
R
PR
(
ρ̂a 1R ⊗ ρ̂b 1R
)
⊗
(
ρ̂a 2R ⊗ ρ̂b 2R
)
⊗
(
ρ̂a 3R ⊗ ρ̂b 3R
)
⊗ . (374)
as is required for a general non-entangled state all 2N modes. Furthermore,
the density operators for the individual modes must represent possible physical
states for such modes, so the super-selection rule for atom number applies and
we have
〈(âi)n〉a i = Tr(ρ̂a iR (âi)n) = 0
〈
(â†i )
n
〉
a i
= Tr(ρ̂a iR (â
†
i )
n) = 0〈
(̂bi)
m
〉
b i
= Tr(ρ̂b iR (̂bi)
m) = 0
〈
(̂b†i )
m
〉
b i
= Tr(ρ̂b iR (̂b
†
i )
m) = 0
(375)
The Schwinger spin operators are
Ŝx =
∑
i
(̂b†i âi + â
†
i b̂i)/2 =
∑
i
Ŝix
Ŝy =
∑
i
(̂b†i âi − â†i b̂i)/2i =
∑
i
Ŝiy
Ŝz =
∑
i
(̂b†i b̂i − â†i âi)/2 =
∑
i
Ŝiz (376)
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where âi, b̂i and â
†
i , b̂
†
i respectively are mode annihilation, creation operators.
From Eqs. (376) we find that
Ŝ 2x =
∑
i
(Ŝix)
2 +
∑
i6=j
ŜixŜ
j
x (377)
so that on taking the trace with ρ̂R and using Eqs. (374) we get after applying
the commutation rules [ê, ê†] = 1̂ (ê = â or b̂)〈
Ŝ 2x
〉
R
=
∑
i
〈
(Ŝix)
2
〉
R
+
∑
i6=j
〈
Ŝix
〉
R
〈
Ŝjx
〉
R
(378)
As we also have〈
Ŝ x
〉
R
=
∑
i
〈
Ŝix
〉
R
〈
Ŝ x
〉2
R
=
∑
i
〈
Ŝix
〉2
R
+
∑
i6=j
〈
Ŝix
〉
R
〈
Ŝjx
〉
R
(379)
using Eqs. (374) and we see finally that the variance
〈
∆Ŝ 2x
〉
R
is
〈
∆Ŝ 2x
〉
R
=
∑
i
〈
(Ŝix)
2
〉
R
−∑
i
〈
Ŝix
〉2
R
(380)
all the terms with i 6= j cancelling out. and therefore from Eq. (373)〈
∆Ŝ 2x
〉
≥
∑
R
PR
∑
i
(〈
(Ŝix)
2
〉
R
−
〈
Ŝix
〉2
R
)
(381)
But using (375)
(Ŝix)
2 =
1
4
(̂b†i âib̂
†
i âi + b̂
†
i âiâ
†
i b̂i + â
†
i b̂ib̂
†
i âi + â
†
i b̂iâ
†
i b̂i)〈
(Ŝix)
2
〉
R
=
1
4
(
〈
(̂b†b̂)i
〉
R
+
〈
(â†â)i
〉
R
) +
1
2
(
〈
(â†â)i
〉
R
〈
(̂b†b̂)i
〉
R
) (382)
and 〈
Ŝix
〉
R
= 0 (383)
so that〈
∆Ŝ 2x
〉
≥
∑
R
PR
∑
i
(
1
4
(
〈
(̂b†b̂)i
〉
R
+
〈
(â†â)i
〉
R
) +
1
2
(
〈
(â†â)i
〉
R
〈
(̂b†b̂)i
〉
R
)
)
(384)
Now using (375) 〈
Ŝiz
〉
R
=
1
2
(
〈
(̂b†b̂)i
〉
R
− 〈(â†â)i〉R)) (385)
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〈
Ŝ z
〉
=
∑
R
PR
∑
i
〈
Ŝiz
〉
R
1
2
|
〈
Ŝ z
〉
| = 1
2
∑
R
PR |
∑
i
1
2
(
〈
(̂b†b̂)i
〉
R
− 〈(â†â)i〉R))|
≤
∑
R
PR
1
4
∑
i
|(
〈
(̂b†b̂)i
〉
R
− 〈(â†â)i〉R))|
≤
∑
R
PR
1
4
∑
i
(
〈
(̂b†b̂)i
〉
R
+
〈
(â†â)i
〉
R
)) (386)
and thus 〈
∆Ŝ 2x
〉
− 1
2
|
〈
Ŝ z
〉
|
≥
∑
R
PR
∑
i
(
1
4
(
〈
(̂b†b̂)i
〉
R
+
〈
(â†â)i
〉
R
) +
1
2
(
〈
(â†â)i
〉
R
〈
(̂b†b̂)i
〉
R
)
)
−
∑
R
PR
1
4
∑
i
(
〈
(̂b†b̂)i
〉
R
+
〈
(â†â)i
〉
R
))
=
∑
R
PR
1
2
∑
i
(
〈
(â†â)i
〉
R
〈
(̂b†b̂)i
〉
R
)
≥ 0 (387)
A similar proof shows that
〈
∆Ŝ 2y
〉
− 12 |
〈
Ŝ z
〉
| ≥ 0 for the non-entangled state
of all 2N modes.
This shows that for the general non-entangled state with all modes âi and b̂i
as the sub-systems, the variances for two of the spin fluctuations
〈
∆Ŝ 2x
〉
and〈
∆Ŝ 2y
〉
are both greater than 12 |
〈
Ŝ z
〉
|, and hence there is no spin squeezing for
Ŝx or Ŝy. Note that as |
〈
Ŝ y
〉
| = 0, the quantity
√(
|
〈
Ŝ⊥ 1
〉
|2 + |
〈
Ŝ⊥ 2
〉
|2
)
is the same as |
〈
Ŝ z
〉
|, so the alternative criterion in Eq. (124) is the same as
that in Eq. (120) which is used here.
For the other spin fluctuation
〈
∆Ŝ 2z
〉
since we have〈
Ŝ x
〉
=
∑
R
PR
〈
Ŝ x
〉
R
= 0
〈
Ŝ y
〉
=
∑
R
PR
〈
Ŝ y
〉
R
= 0 (388)
then the other two uncertainty relationships just give
〈
∆Ŝy
2
〉〈
∆Ŝz
2
〉
≥ 0;〈
∆Ŝz
2
〉〈
∆Ŝx
2
〉
≥ 0, so spin squeezing in Ŝ z is meaningless.
Hence we have shown that for a non-entangled physical state for all the 2N
modes âi and b̂i〈
∆Ŝ 2x
〉
≥ 1
2
|
〈
Ŝ z
〉
| and
〈
∆Ŝ 2y
〉
≥ 1
2
|
〈
Ŝ z
〉
| (389)
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so that spin squeezing in either Ŝx or Ŝy requires entanglement.
18.2 Variance
〈
∆Ŝ 2
z
〉
for Two Mode Sub-Systems
Here we will see if the modified approach to Sorensen et al can lead to a useful
inequality for
〈
∆Ŝ 2z
〉
that applies when non-entangled states are those when
the pairs of modes âi and b̂i are the separate sub-systems . We will attempt
to follow the approach used by Sorensen et al when identical particles i were
regarded as the sub-systems.
Now the general non-entangled state will be
ρ̂ =
∑
R
PR ρ̂
1
R ⊗ ρ̂2R ⊗ ρ̂3R ⊗ ... (390)
where the ρ̂iR are now of the form given in Eq. (217) and the conditions in Eq.
(375) no longer apply. The Fock states are of the form |Nia〉⊗ |Nib〉 for the pair
of modes âi and b̂i, and fior this Fock state the total occupancy of the pair of
modes is Ni = Nia+Nib. From the super-selection rule the density operator ρ̂
i
R
for the ith pair of modes âi and b̂i is diagonal in the total occupancy. For Ni
= 0 there is one non zero matrix element (〈0|ia⊗〈0|ib) ρ̂iR (|0〉ia⊗ |0〉ib). For Ni
= 1 there are four non zero matrix elements, which may be written
(〈1|ia ⊗ 〈0|ib) ρ̂iR (|1〉ia ⊗ |0〉ib) = ρiaa
(〈1|ia ⊗ 〈0|ib) ρ̂iR (|0〉ia ⊗ |1〉ib) = ρiab
(〈0|ia ⊗ 〈1|ib) ρ̂iR (|1〉ia ⊗ |0〉ib) = ρiba
(〈0|ia ⊗ 〈1|ib) ρ̂iR (|0〉ia ⊗ |1〉ib) = ρibb (391)
For Ni = 2 there are nine non zero matrix element (〈2|ia⊗〈0|ib) ρ̂iR (|2〉ia⊗|0〉ib),
..., (〈0|ia ⊗ 〈2|ib) ρ̂iR (|0〉ia ⊗ |2〉ib) and the number increases with Ni.
If we restrict ourselves to general entangled states where Ni = 1 for all pairs
of modes, then the density operator ρ̂iR is of then form
ρ̂iR = ρ
i
aa(|1〉ia 〈1|ia ⊗ |0〉ib 〈0|ib) + ρiab(|1〉ia 〈0|ia ⊗ |0〉ib 〈1|ib)
+ρiba(|0〉ia 〈1|ia ⊗ |1〉ib 〈0|ib) + ρibb(|0〉ia 〈0|ia ⊗ |1〉ib 〈1|ib) (392)
In addition Hermitiancy, positivity, unit trace Tr(ρ̂iR) = 1 and Tr(ρ̂
i
R)
2 ≤ 1 can
be used as in Eq (368) to parameterise the matrix elements in (391).
ρiaa = sin
2 αi ρ
i
bb = cos
2 αi
ρiab =
√
sin2 αi cos2 αi sin
2 βi exp(+iφi) ρ
i
ba =
√
sin2 αi cos2 αi sin
2 βi exp(−iφi)
(393)
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The expectation values for the spin operators Ŝix, Ŝ
i
y and Ŝ
i
z associated with
the ith pair of modes are then〈
Ŝix
〉
R
= Tr(ρ̂iR
1
2
(̂b†i âi + â
†
i b̂i)
=
1
2
(
ρiab + ρ
i
ba
)
〈
Ŝiy
〉
R
=
1
2i
(
ρiab − ρiba
)
〈
Ŝiz
〉
R
=
1
2
(
ρibb − ρiaa
)
(394)
which are of exactly the same form as in Eq. (367) as in the Appendix 17
derivation of the original Sorensen et al [45] results based on treating identical
particles as the sub-systems. The proof however is now different and rests on
restricting the states ρ̂iR to each containing exactly one boson.
The remainder of the proof is exactly the same as in Appendix 17 and we
find that 〈
∆Ŝ 2z
〉
≥ 1
N
(〈
Ŝ x
〉2
+
〈
Ŝ y
〉2)
(395)
for non-entangled pairs of modes âi and b̂i. Thus when the interpretation is
changed so that are the separate sub-systems are these pairs of modes, it follows
that spin squeezing requires entanglement of all the mode pairs.
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19 Appendix 10 - Heisenberg Uncertainty Prin-
ciple Results
Here we derive the results in SubSection 6.4 leading to inequalities for the vari-
ance
〈
∆Ĵ 2x
〉
considered as a function of |
〈
Ĵ z
〉
| for states where the spin op-
erators are chosen such that
〈
Ĵ x
〉
=
〈
Ĵ y
〉
= 0.
From the Schwarz inequality
〈
Ĵ z
〉2
≤
〈
Ĵ 2z
〉
so that
〈
Ĵ 2x
〉
+
〈
Ĵ 2y
〉
+
〈
Ĵ z
〉2
≤
〈
Ĵ 2x
〉
+
〈
Ĵ 2y
〉
+
〈
Ĵ 2z
〉
= J(J + 1) (396)
giving Eq. (229). Subtracting
〈
Ĵ x
〉2
=
〈
Ĵ y
〉2
= 0 from each side gives〈
∆Ĵ 2x
〉
+
〈
∆Ĵ 2y
〉
+
〈
Ĵ z
〉2
≤ J(J + 1) (397)
Substituting for
〈
∆Ĵ 2y
〉
from the Heisenberg uncertainty principle result in
Eq. (230) gives〈
∆Ĵ 2x
〉2
−
(
J(J + 1)−
〈
Ĵ z
〉2)〈
∆Ĵ 2x
〉
+
1
4
ξ
〈
Ĵ z
〉2
≤ 0 (398)
The left side is a parabolic function of
〈
∆Ĵ 2x
〉
and for this to be negative
requires
〈
∆Ĵ 2x
〉
to lie between the two roots of this function, giving
〈
∆Ĵ 2x
〉
≥ 1
2

(
J(J + 1)−
〈
Ĵ z
〉2)
−
√(
J(J + 1)−
〈
Ĵ z
〉2)2
− ξ
〈
Ĵ z
〉2
(399)〈
∆Ĵ 2x
〉
≤ 1
2

(
J(J + 1)−
〈
Ĵ z
〉2)
+
√(
J(J + 1)−
〈
Ĵ z
〉2)2
− ξ
〈
Ĵ z
〉2
(400)
which are the required inequalities in Eq. (231) and (232).
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20 Figure Captions
Figure 1. Bloch vector and spin fluctuations shown for original spin operators.
Figure 2. Regions in the < ∆Ĵ2x > versus | < Ĵz > | plane (shown shaded)
for states that satisfy (a) the spin squeezing inequality Eq. (233) (b) the smaller
Heisenberg uncertainty principle inequality Eq. (231) and (c) the larger HUP
inequality Eq. (232). The case shown is for J = 1000 and HUP factor ξ = 1.
Both < ∆Ĵ2x > and | < Ĵz > | are in units of J . The spin operators are chosen
so that < Ĵx >=< Ĵy >= 0.
Figure 3. As in Figure 2, but with J = 1000 and HUP factor ξ = 10.0.
Figure 3. As in Figure 2, but with J = 1 and HUP factor ξ = 10.0.
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